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From our study of the 2-d and 3-d heat equation in thermal equlibrium (E = 0) we arrive at = ( O
another PDE which we will learn to solve. Namely Laplace's Equation *~ U’Ld o

We will begin by first solving this equation on a rectangle in 2 dimensions with prescribed boundary data
at each edge.

v z
(H,0) u(x, H) = f2(x) (L,H)
V2 = 0’u  9%u 3 -
Yt T
V-
w(0,) = g:() w0 =00 N0z o6 u(l,y) = g2»)
u(L,y) = g2(y) -
u(x,0) = f;(x)
u(x, H) = f,(x)
(00) u(x,0) = f,(x) o,L)
g —

We might be tempted to employ separation of variables to this problem right away however this will
leave us unable to determine our eigenvalue A, some times also called the seperation constant. Let's
give it a try to see why it fails and then I'll show you a trick to fix it.

We are going to assume that: u(x,y) = h(x)¢p(y)

—

And substitute it into

0’u  0%u 3

PR A
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So we have that: u(x,y) = h(x)p(y) 0*u  9%u

ox2 ' 9y? 0

; (hx) é(y)) +/_ (L‘H\\ Cb(\()) — O
Fxt A% \2/

v
CP(\{\ JL\ ~+ h 6O Q{’Q'

= - ;ﬁ
%Ai ) O)
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= ‘/ 0‘<P — N
onlt X onl¥ )1
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_ (, **h_ A + 1 479 _ p
/A ‘<l ¢ Ayr
2 Z%
y : DS P . A
So we now have: Hd—’;— ésyf=/1 I okx® o 0‘\/7’

—

In contrast to the heat equation both ODE's are essentially the same and only differ by a sign. Because of this we won't
assume anything about lambda to start and we could work with either ODE to try and find out what lambda would need to
be. As before we will have three cases to consider, A >0 1<0 A=0
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1 d?
¢ = A first. Perhaps one way to see that seperation of variables will

Let's just work with — e
not quite work right away is through the boundary condition equations. We are trying to solve:

2
29 g €
//}/-/

u(x,0) = f1(x)

u(x, H) = fo(x)

Let's just check the A > 0 case and check the first boundary condition

e n ITEFR D0tk

2
t’«/—/\:—c> -

— Q)3 (ouxdzéé) ‘}"2-5/67L ®)

VLN ) = 6O &Y
v(x0) = h(x) ¢(o) f"q(’()

hx ) C/ = Q(CY)
=

So we end up with a statement that:
u(x,0) = ¢;h(x) = fi(x)

Z
\ < ]
This means that h(x) = lfl(x). While this may seem fine or even nice as it relates an unknown function h(x) to our

known boundary condition, however this could be distasterious. If f;(x) does not satisify the ODE for h(x) we don't

have a solution to that ODE: /{ l ——
S—‘(m ——, -0
. ST £«) A
d2h d2f, K
2 M0 2 e hAs

L

Our boundary condition is supposed to be arbitrary and if this is true it is not. While it may be that we

can only solve the PDE if we have boundary conditions that satisfy the separation ODE's, being good
math students we will try to find another way if possible. —
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Recall from our study of the heat equation with homogeneous boundary conditions that we
were able to solve the problem

d?¢
?172' + /1¢ =0
— $0) =0

> ) =0

2
And in fact it was because both boundary conditions were zero that we found A = (nL—n)

Motivated by our fond memories of this problem we might try to re-write our current problem in some
way to make it look like our old heat equation problem. In fact thanks to the superposition principle we
can!

02 d*u N 0%u 0
u=— —_— =
. 0x%? 0y? —
All we really need is some function u(x, y) such that: u(0,y) =g1(y)
u(L,y) = g2(y)
u(x,0) = fi(x)
u(x’H) = fz(x)

What we will do here is split our solution into 4 solutions: u(x,y) = u; (x,y) + uy(x,y) + us(x,y) + us(x,y)

Where u, solves Where u, solves Where u; solves Where uy solves
V2u1 = 0 Vzuz = 0 VZU,3 = 0 VZU,4 = O
ul(O»Y)=91(Y) uz(O'Y)=0 u3(0:3’)=0 u4(0'3’)=0 *
Piahii
ui(L,y) =0 @wwzgg_ uz(L,y) =0 uy(L,y) =0 -
u(x,0) =0 u,(x,0)=0 usz(x,0) = fi(x) uy(x,0)=0 .
—_—
u(x,H)=0 u,(x,H) =0 us(x,H) =0 us(x, H) = f(x)
— —_— —_
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Before we proceed let's verify that our sum of solutions indeed satisfies our original PDE:

u(0,y) = g:(y)

V2 ofu + 0%u 0 u(L,y) = g2,(y)
u —_ — — ) = 2
ox? ayz - e O v’ ) \g
u(x,0) = fi(x) £~

u(x, H) = f,(x)

For reference u(x,y) = u (x,y) + uy(x, y) + us(x,y) + us(x, y) Where:

_/
Where u, solves Where u, solves Where u3 solves Where u, solves
Vu, =0 < Viu, =0 <& Vu; =0 — Vu, =0 &
w0 =000 X ) woy=0 & us(0,9) = 05— uy(0,) =0 &7
uy(L,y) =0 uy(L,y) = %2(}’) uz(L,y) =0 uy(L,y) =0
111_(%043 uz(x,0) =0 uz(x,0) = 1(x) & uy(x,0) =0
u;(x,H) =0 u(x,H) =0 uz;(x,H) =0 us(x, H) = f(x)

LEtSC;Ck:ou_/t s = X ( 0,10, FU, +o) yj+9‘5\ ﬁ\ﬁ)/‘?\’

o
u(o\/\'ﬂ)L Y1+ 0 \/740/70‘/)/ ﬁ(\”

v,y ) =
- qL(y‘ o O -
U(L \/) = L Y) ’f_(ifL \/ ’pl US/‘L/\/ }%L}\/) — q}_“()

I, N9,

o
VX 6)Z U geo) +V,0%,0 ')+c;/7</a) 4U7@?}0}: f( (<)

I(LUN = O +0 04§ &) =F, &)
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While this may seem like a lot more work 4 PDE's instead of 1 we at least can now have arbitrary boundary conditions.

Let's solve the PDE for u first. (H,0) u(x,H) =0 (L,H)

VZu, =0

1, (0,) = 9, () Z—

u1(L,y)=0 u(O;y):gl(y) VZu =0 u(L,y):O
¢

u;(x,0) =0 %H[}()(fy@> — O Qlol=o

u (x, H) = 0 :7ALx)qS(m:o = O(H)=0
1

From separation of variables we have:

(0,00 u(x,0)=0 (o,L)
1d*h 1 d%p
Or hdx? ¢ dy?

If we take A > 0 then which ever of these two ODE's has a minus sign is going to give us our sines and cosines. We
want to choose this based on which variable has the homogeneous boundary conditions. For this first one we have
homogeneous boundary conditions in y so we will stick the minus sign on ¢ so we can have sines and cosines there
which will allow us to find A.

‘Z(_/_Li ,|.A(b g @B 4’(‘(IZC[ 4 OSZJX )’)—1‘-(2, 3’\”MY\)
A\/’b

/ €

d(6)1=0 . _
< co Co)—(-(LS’/Z(o)_:o =3 ( =O

SH) =0 = ¢ smAHI=0 JAH= NT
=% =5 asCE)

(y) = <o 9‘“‘(’% V)
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Solve for u, Cont.

. T
SO = &, Sin( gy

_—
1d%h nm\2
Now we need to solve Py A and we have that A = ( )

H

'\—’l RS
(71 —
s
:"'m x _ nTH
=dry =5

no- . W
W= & cosh (55 =) +& Smh( g <)

2 2 ~
L) — A =0

P
N nir ALY
hee) = (ICash(?(L))"l‘C,_SM”\(ﬂ(L\ =0 olL,yl = O
&
£,= 0 G=e ) Uy =0

Dhi) =6
nT- C o n
!/1()(\: C, /oSl(ﬁ-[x/L)>,y (Z SIML\% /L})

o
w1l : s —
(L) = ¢ (ng\({Cs))*(LS/V\ -—;(o)) — O

(‘)— — 2 '/L.\-l-\/q/y )’\()(); QS' ’\V\ ”[%U(('L)

o O

C, 20

==

— 5+ S b

Xo_x
4= =<

P

_C T

O
%&Lﬂﬁ*\ TG MW IL ,,L_(}/fsk J& (x-¢) @g},‘g(ﬂ(){-L))
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So now we have u;  (x) = 4, sin (% y) sinh ( x— L)) we again apply the superposition
o~

principle and obtain:

nm nm
u(x,y) = Z A, sin (E y) sinh <ﬁ x- L))
n=1 7"
L
We also still have one boundary condition to use u;(0,y) = g, (y). Applying it we get the equation:

ul/(()’}’/_)—gl(y)—ZA sin %y)smh(—( L))
/’,/—?-C-

But we still need to find those A,,'s .. We play the same game as before, multiply bothsides by sin(% x)
and integrate using the fact that the sines are orthognal that is: —_—

0 whenm #n

fOHsin(llHEx) sin (lnH—nx) dx = ; whenm = n

[

’ Sammﬁ/\
A, M) 310 Y

Frlg\\/\‘/\< ("L)> ()

A=
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Let's take a look at the situation for u3 Now the homogeneous BCS are in x.
Viuz; =0 _

i (o) Wt =0 (LH)
u3(0l }’) =0
U3(L, }’) =0
uz(x,0) = f1(x)

0,) =0 V=0 Ly)=0
3 (e, H) = 0 w0.y) = uly) =
From separation of variables we have:
(0,00 u(x,0)=fi(x) (o,L)

1d’h  1d%
hdx? ¢ dy? or

Here we have the homogeneous boundary conditions in x. As a result we want our function of x to be made up of the sines
and cosines so that we can find A. For this case this means that we want
So we can just move the minus sign over to there. Another option which your book suggests is that you keep the minus
sign on ¢:

1d%h 1d%¢p

-7

hdx? ¢ dy?

But that if you have your homogeneous boundary conditions are in x you instead solve:

1d2h  1d%*
— hdy?  _¢dx®
f

Either way we are just paring that minus sign with the variable that has the homogeneous boundary
condition so that we can find A.

That said we would now have to solve the other 3 PDE's get sour solutions and add them up to get
u(x,y) —

Sty sy
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u(a,6) = f(6)

Laplace's Equation on a circular disk

V2 6)_16<6u)+162u_0
wr, T ror rar r2 90
— ;—6

BC1 u(a,B)=f(6)

Before we try to solve this bad boy we will need to consider some additional conditions on our solution.

Polar coordinates are singular at the origin r = 0 so we will enforce the condition on our solution that:

Tii_r){)lolu(r, 0)| <
T
u(r,—m) = u(r,m

For mathemagical reasons, we will also require:

These are called the Periodicity conditions and imply that at & = ™ we have continous temperature
and heat flow. _ _—

——

If we have these conditions we can apply separation of variables that is we will look for a solution:

u(r,0) = ¢(6)G(r)

—_— —
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Separation of variables for Laplace's equation in a disk.

. 19 (0 1 92
We have: V2u(r,0) = - — (r_u) + _E__u =0
ror ar) Y2 o0 u(r,8) = (e)c(r)>

mé) élr))))r ‘; q_@?(e)é(f)) — 5

r 2v

Plor, ;/(f§6(0)4—6<./ L2 e =

J¢ 1@1

—_— R _L—

d( &) f3r</“/> ) iyt

d(e)e) “oce) G0

(@ ) [, 4E 2 )\;( \/Z
Gl  or cp(e)/ o™

p)
_L_r/faﬁé) A N

cury or\N I ANTL

So we now have:

Let's solve the ODE which is new to us first.

dy 46y [\5’(/({&):)\
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A
= 2 \/{7 {f — /\
s
é/“ _ A+,
Casel11=0 -
N AE
{jﬁ(r
Gr) = C'/a"\(f) -?—_CL
Keeping in mind that we need  lim |u(r, 0)| < o
re
N =0 |G(r)= Sy
Case2 1 >0 Expanding our ODE out we can write: o
\(:’Df
/

d*G dG Let's guess a solution of G(r) = rP A \/ -z

/2W+rd__/16=0 — F(I/")[‘
— ) o
2 d_ P Ad { D
rr2(C)1cZvr A — O C[’« +r-AaY( =
=) i P ("= o

-l )

\
(o) e erl —Ar =0
(PP r r’L+fr>rPr‘LA C=o

(EXeo o 1) 1=

Keeping in mind that we need: lim |u(r, 0)]| < o
re

R -

C
ey =& +¢( = & + =

’%/ — ™ - 7 -
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Now let's solve our eigen value problem
2 —
1d%¢ (=) = d(m)

2T
¢d92
2 m =2

Case11=0 T R
e oy A8 =0 _,_3@:49@\

—_—
& 6
Y-\ = 4CT) - (—u)‘f}’/" C,(u + </
o'{ _ ’IT" | ! -
22 q |p=c
Y T
Case21>0
A 2
A =N 424 APz = en—-s -
4 de A et \
Clen :4_’ o ,
StA1=H%) B &) (=2 )-A =(+ja
H(oNV= (Cos(VAB) 4G Sm@A
AL
Py

D) ZOCT) 2 ¢ Cos JALT) 4+ 6 S InJALT)Z aosam +asndnT)

ClMW~C SoAJATE = CM(TJ—C §m.)'“

— Cl§7m UA T — CLS)V\()/W- ﬂ’f}/’ AVZ _5/1 V\

J‘p,-(rg)mr@ _‘_.(fCDS
A 6

= — ¢ UR Sa ) 4 L T3 AN ZTC A SealdaT + ¢ Ircadg)

fﬂS»n(,)/ﬂ*)_p(M(d/?T),,crsm AfT —l—j‘&/(os&?f)
C C)%S’IV\AT\TT__’C()Xg,V\J,l‘ J’(T/ ﬂ(TJfA/ ;
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So we have solutions of:

2
A= N A—0o
G(r) = clr‘m with 2 = n? we have G,,(r) = ¢; 7"
— S r—o
o

¢, = A, cos(nf) + B, sin(nh)

( . =0 _ B
Vnz ARV B3 A T ATO
Thusu, = n(r)d)n(e) = nT'n cos(nb) + Bnr"sin(ne)
Un(r,0)=6) dC6) =" (Ancoyne F Bng -mﬁél)

Applying Superposition once again we obtain:

u(r,0) = Z A,r™cos(nb) + Z B,r"sin(nf) "g(e )

n=0

e

Again we have to find our A, nd B,, . Applying our last BC gives us:

O(q©)= f(6)= ) A acos(nd) + » B,a™sin(nd)
P ; ; T

Applying our usual tricks we find that

1 A
Ao =5 f_nf(x)dx
= %—f_nf(x) cos(nx)dx —=, Z\ =
= %—f;f(x) sin(nx) dx

T
i
You may notice we did now hw problems in this lecture, that is due to time constraints. | will be posting
a video with some examples from your homework to help you out.
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