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Fourier Series or Basis function expansions using sines and cosines

Through our study of the heat equation we have seen that in order to solve the PDE we require the
initial condition f(x) to be able to be written as a sum of sines and cosines.

u(x, 0)—f(x)—A0+ZA cos iB sin —x)

-

We require that this be possible as our solution u(x, t) wasnontrivial only if it took the form:

2 ® 2
u(x,t) =4, + Z A, cos x e_(ELE) ke g Z By, sin (nL_n x) e_(n_LTE) ke
n=1

A natural question to ask is, what types of functions f(x) can we represent with a sum of a constant and
sines and cosines. This leads us to study Fourier series.

. . . (2 2
—% It turns out that that the set of functions {1, sin (nL—x) ,sin (—%{) ,COS ( x) cos ( 7er) ,+ } form an

orthognal basis for continuious functions on the interval [-L,L] with respect to the norm

S <rg>=| LLf(x)g(x)dx

Smoo+ 1
This means that if f(x) is a contingoys function on [—L, L] it can be represented with a fourier series.

—

<1 <sin(Z)f> g <sin(ZE)f> omy <cos(T).f> nx <cos(4T5) > o
f)= <1,1> 1 <sm( I ) sln(—)> m (T) <;1n(2:x) sin (Zﬂ)> s (T) ot zcos(%c),cos(an)> cos (T) <C0_S_(@7,COS(2—:§) co (_) +
Or
Where

< cos Elx-) f> L
1f _ ( ) 1 nmx
o 21 ; °2Lf f( ) An = < cos (%)'COS (@) > L —Lf(X) s (__) dx

B, =

>tk

< sin (nLLx),sin I
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Homework Example sec 14.2 #1(b)

Sketch the fourier series of f(x) = x? on the interval [—L, L] and compare f to it's fourier
series.

Swesi7
Solution: Since f(x) = x? is continuiaus everywhere, it certinaly is on [-L,L] thus our basis
expansion will exactly match f on [-L,L].

Let's look at some of the finite approximations vs the actual function in maple.
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If we recall from section 4.10 that we can use basis function expansions to represent, as closely as possible, a
function which is not in the same space (at least with finite expansions). We might then think that even if f(x)
is not continuious we can use a Fourier series to get it's best continuious approximation. This would be the case
if we had a finite sum, as the finite sum of continuious functions is continuious. However a general fourier
series is an infinite sum and this presents difficulties.

It does turn out though that if f(x) is a piece wise smooth function the fourier series does a very good
job at approximating f(x). Before we explain how, let's review the definition of a piece wise smooth
function.

A function f(x) is piecewise smooth on a given interval if that interval can be broken up in to sub

. . - ... d - . .

intervals on which f(x) and it's derlvatlved—i are continuious. Basically this means that we have no
infinities in function only jump discontinuities and no infinite slopes.

Examples of piecewise smooth functions

F é\’? ﬂ\
— >
, . Ve : Va
T T < k 1
-L - L —R ) o
f(x) = x? (x) = orx <0 Random drawing example
1 f) = 1+xforx>0
S ) 72X ——
\/_’_/—\

Examples of not-peicewise smooth functions

fo =1 [ = f00 =3
e
—  _2
—_— . / ’
’g(’()’ /3)( e
x7s
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So what happens when with the Fourier series of f(x) when it is only piecewise smooth? Let's
state our Fourier Series convergence Theorem.

If f(x) is piecewise smooth on the interval [—L, L] then the Fourier series of f(x) converges to:

1) The periodic extension of f(x) , where the perodic extension is continuious.
2) The average of the two limits on either side of a jump discontinuity usually B_l j3/
e e +

2 m—
LG + F-)) »

l

What we are saying is that where ever f(x) is continuious the Fourier series converges exactly and takes
on a value half way between the two y values at a jump discontunity. We will talk about the perodic
extension in a bit.

Example:

1 -L<x<0

L
Draw the Fourier series of f(x) = 2 0<x< >
3 I<x<lL

x

,v___gg—aﬂl
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Homework Example sec 14.2#1 f

Sketch the Fourier series of f(x) on —L < x < L and compare it to it's Fourier series for

10 x<0
f(x)_{1+x x>0

—_—

What about that term "perodic extension" In the Theorem. The parodic extension of a functiowe

simply repeat f(x) on [-L,L] with period 2L.

Let's see the computer do this with maple!

L

-

yVa
~

Fl -
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You might recall that for certain boundary conditions our Fourier series only consisted of sines or only cosines.
For homogeneous Dirichlet boundary conditions we had:
©o
. /mm
fx) = Z B, sin (—L— x)
n=1
For insulated boundary conditions we had:

(o]
nr
f(x) =4, + Z A, cos (—L—x)
n=1
So we might ask the question, when does a Fourier series only consist of sines or only cosines?

0dd + 0dd = 0dd

Well sin(x) is odd and cos(x) is even and you might recall that for functions:
T Even + Even = Even

0dd + Even = Neither

o

Because of third equation it must be that :

If f(x) = even it's Fourier Series can only be made up of constant and cosines
——

S—ul—

If f(x) = odd it must be that it's Fourier series is made up of on yjines
La r g

erd Loy - L g S Sl pai b

It is still possible however to find a Fourier sine series
extension of that function.

r an even function provided we can find an odd

Likewise it is possible to find a Fourier cosine series for an odd function provided we can find an even
extension of that function.
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An odd extension of an even function.

Find odd extensions for the following functions on the interval [0,L] extended to the interval [-L,L]
r%

f) =2
<
L= oexél

Lz
—xT _L gxdo

f(x) = cos(x)

f)=1

T

[ OcXcl —L
~I_L£XZb

L)z
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An even extension of an odd function.

Find even extensions for the following functions on the interval [0,L] extended to the interval [-L,L]

f(x) = sin(x)

fG) =x
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Even and Odd extensions of functions which are neither.

Find even and odd extensions of the following functions defined on [0,L] extended to [-L,L]

fx)=x+1 0/(0/\
wt N

™~
=
~—=

F

/

1 for O<x<§
fx) =
xfor§<x<(

A A

~
—_—
-

Incidentally the Fourier series for these extensions will look very similar.

Sec 14.1-14.3 Page 9



Sec 14.1-14.3 Page 10



Sec 14.1-14.3

Tuesday, June 9, 2015 7:31 PM

For the 1-d rod with homogeneous Direchlet boundary conditions we found that:

u(x,t) = i Bne_k(nlfq)zt sin (llLE x) ‘Q
n=1

Where - —

—~—

u(x,O)=f(x)=ianin(nTn-x) for0<x <L 6‘
,_,.3 n=1

and L o mmx
B, = ZL f(x)sin (—L—) dx

—

It turns out we actually were representing f (x) with a Fourier sine series of an odd extension!

If we had used the formulas for a fourier series with an odd extension let's see what would happen.

f(x)=A4A, + i A, cos (%x) + i B, sin (ELEx)
n=1 n=1

1/l _
AO _% f_Lf(x)dx [ O

1t nmx —
n==| F@cos(==)dx- 2 cj €WVell =
A LLf() (L )d =0 £ "oc): €L H

— (x) ot 4
b=l [ Fom(@e  odd I = 2unon g
B ) ‘ - InfI X
\3) Zzg?«\sm(,(’ J q(x)/ﬁx)
£ o))

(X)) $-x) 3 - (x)§0x)
7/(/\//77 Lo 7 =

LT, ]

OM @t
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Hw Example: sec 14.3 #2(d)

1 forx< %
For f(x) . sketch it's fourier sine series and find the fourier sine series
0 forx> 2

coefficents.

| anr
—\ F)sim— X
£ L

('5losi

L
= ;.—S ,F’c;c)S,mM’?)—’(
L g &

C
| o<xt/
- 2

O »<xLL
7 < X<
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For insulated boundary conditions we found that

2
u(x,t) = A4 + z A, cos nnx) e_(nL_n) ket

——

with

e =3 Lf(x)dx t=2 [ Frcos () a

S

It turns out we actually were representing f (x) with a Fourier cosine series of an even extension!

If we had used the formulas for a fourier series with an even extension let's see what would happen.

f(x)—A0+ZA cos nn )+§:anin(llgx)

= s L
Ay =7 [0 fydx = L — ‘p<\0A X
Lt o
_ - L ga ,FCKS/\X L y
M"\;NM
a7 & n T
Ay f(x)cos( )dx = ‘3 _Q(;C)COS _z AX
-
2nU odd 0

f f(x)sm( )dx /////4‘: O

fV”('\ e,(l(nsioh

Moxn ol

f y
- L L
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Fourier Cosine series. If we have an even function or use an even extension we can instead use
a cosine series.

N 1T X
Hw Example 14.3 5¢ ﬂ( /‘/- i/A\\/\é S ——t

N |
1 forx<-
For f(x) LZ sketch it's fourier cosine series and find the fourier cosine series
0 forx> >
coefficents.
—_—
< X
L —
/ J
L/
—L L
- L /, L

3 L
A":‘Z LoyAX = ;[SA | AX %)(7
0
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We may be interested in a function which is neither odd nor even over the full interval [-L,L] in
this case we can simply use the full Fourier series.

f@) @ Z//\& Z Bysin(

with (_g(,[\ l7 g ]/!X =2L
-.r%L 1 \7j -

= [E FOodx

f f(x) cos( Lx) dx
=Zf_Lf(x)sm —Lf)dx

Example: Find and sketch the Fourier series for f(x) = {; B (l)' : j; : (L)

R o M s
// D‘/A \

' - T ( o oo

N = — ) - N1 . Alrx

’3" Lg f/*)<7\/\ —Z -1 g f(m_z ol X +g2Y/“:AX
L

L s | © L ’ Ny )
I A M e N

nir i e TT P
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When is a Fourier Series continuous?

For a piecewise smooth f(x), the Fourier series of f(x) is continuious and converges to f(x) on [-L,L]
if and only if f (x) is continuious on the interval and f (L) = f(—L)

p +—

A L 2 L L (-

L

What about sine series?

For a piecewise smooth f(x), the Fourier sine series of f(x) is continuious and converges to f(x) on [O,L]
if and only if f(x) is continuious on the interval and f(0) = f(L) =0 —

_

N L o S

What about cosine series?

For a piecewise smooth f(x), the Fourier cosine series of f(x) is continuious and converges to f(x) on [O,L]
if and only if f(x) is continuious on the interval.

AL <
/WW o — o

-
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Comparison of full, sine and cosine Fourier series

Hw example #1 (e )

. . . |2 forx<O
Sketch the full, sine and cosine series for f(x) = {e‘x forx>0
-
. R —
>
L €
] ]
) {
~ L /.
Lo
| (
4 |
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