Sec 14.3

You might recall that for certain boundary conditions our Fourier series only consisted of sines or only cosines.

For homogeneous Dirichlet boundary conditions we had:

flx) = i B, sin (llLE x)
- n=1

—

For insulated boundary conditions we had:

f(x) =4, + iA” cos (%x)

So we might ask the question, when does a Fourier series only consist of sines or only cosines?

0dd + 0dd = 0dd

_ = —_—
Even + Even = Even
—— —

0dd + Even = Neither

Well sin(x) is odd and cos(x) is.even and you might recall that for functions:
_— /%\

Because of third equation it must be that :
If f(x) = even it's Fourier Series can only be made up of constant and cosines
==

~— —eng—

If f(x) = odd it must be that it's Fourier series is made up of only sines
———

It is still possible however to find a Fourier sine series for an even function provided we can find an odd
extension of that function.

Likewise it is possible to find a Fourier cosine series for an odd function provided we can find an even
extension of that function.
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Sec 14.3
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Find odd extensions for the following functions on the interval [0,L] extended to the interval [-L,L]
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Sec 14.3

An even extension of an odd function.

fl)=x*

ocxec L

S
£0) = X

—X -L&xl0

f(x) = sin(x)

Siwly) ocx <]|_

Str) =

’-SIt/)(')() ’L[Xco

fl)=x

éeven ;.

Sex) = $(x)

Scy= ©

Find even extensions for the following functions on the interval [0,L] extended to the interval [-L,L]
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Sec 14.3

Even and Odd extensions of functions which are neither.

Find even and odd extensions of the following functions defined on [0,L] extended to [-L,L]

fx)=x+1 (/L L"’”
)

—
o

’L/ i A &

‘Q(' X)= -5364)

AN 4 SANA

1
1 for 0<x<§

f@) = .
xfor5<x<1
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Incidentally the Fourier series for these extensions will look very similar.

~— /

Sec14.3 Page 4



Secl14.3 Page 5



Sec 14.3

For the 1-d rod with homogeneous Direchlet boundary conditions we found that:

c —k(E 2 . nm
PR O CS
n=

Where

u(x,0) =f(x) = i anin(nTn-x) forO<x <L

——

-

and 2 (L nmx
B, = —f f(x)sin (——) dx
L), L ).
-—_/_—_\

It turns out we actually were representing f (x) with a Fourier sine series of an odd extension!

—_—

If we had used the formulas for a Fourier series with an odd extension let's see what would happen.

nm nm
f(x)=A4A, + Z A, cos (Tx) + Z B,, sin (Tx)
n=1 n=1

L
Ozz_lllf_LLf(x)dx —> —l— OJAJX — 6

N 2L/,
1t nmx \ L
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b
1 forx <t
For f(x) LZ sketch it s}o—mand find the fourier sine series
0 forx > =
coefficents.
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Sec 14.3

For insulated boundary conditions we found that

nm _(nm)?
u(xt)—A0+ZA cos( x)e (L)kt
with

f(x)—A0+ZA COS("”_ ) even 2xknS:’o
\/‘
L

Where f f(x)dx f f(x) cos (n x) dx

It turns out we actually were representing f (x) with a Fourier cosine series of an even extension!

If we had used the formulas for a fourier series with an even extension let's see what would happen.

f(x)=A0+§:Ancos(n%x)+5:8nsin<nfn-x) L J
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Sec 14.3

Fourier Cosine series. If we have an even function or use an even extension we can instead use
a cosine series.

Hw Example 14.3 5¢

0 forx>—

—_—

1 for x <=t
For f(x){ L,sketch it %gurler cosmﬁnd find the fourier cosine series

coefficents.
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Sec 14.3 ein

-
We may be interested in a function which is neither odd nor even over the full interval [-L,L] in
this case we can simply use the full Fourier series. )(r\ ’
1
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= —f f(x) cos (—) dx
L), L — ||
1k nmwx L
== in (—= X
Lf_Lf(x)sm( L )dx
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Sec 14.3

When is a Fourier Series continuous?

For a piecewise smooth f(x), the Fourier series off(x) is continuious and converges to f(x) on [-L,L]

if and only |ff(x) is continuious on the interval and f(L) = fg L!
= —— /

1 ) ( | '
-L v g

~= n

\ .
)= £¢-2) PR

What about sine series? ﬂf(_ )= (L)

For a piecewise smooth f(x), the Fourier sine series of f(x) is continuious and converges to f(x) on [O,L]
if and only if f(x) is continuious on the interval and f(0) = f(L) =0’
B f.‘

ey
A L

\/’A A

What about cosine series?

For a piecewise smooth f(x), the Fourier cosine series of f(x) is continuious and converges to f(x) on [O,L]
if and only if f(x) is continuious on the interval.
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Sec 14.3

Comparison of full, sine and cosine Fourier series

Hw example #1 (e )

. _ _ {2 forx<0
Sketch thef:ﬂ, slﬁand cosine series for f(x) = {e'x forx >0 |
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Something From 14.4(Method Of Eigen Function
EXpa nsion) Another way to solve a PDE...

Suppose we wanted to solve our old friend the 1-d heat equation with homogeneous boundary

conditions.

ou 0%u
at = 9x?

u(0,t) =0 u(L,t)=0
————

u(x,0) = f()xL S(O) —f?L)

When we look at what the boundary conditions say about the initial condition at the ends, f(0) = 0,f(L) =L — O

we might think, hey that is a lot like the condition for the convergence of a sine series

For a piecewise smooth f(x), the Fourier sine series of f(x) is continuious and converges to f(x) on [O,L]
if and only if £ (x) is continuious on the interval and f(0) = f(L) =0 ’

——

In this case we would realize that at time t = 0 the our solution to the PDE could be represented with a

sine series, that is

[o¢]

u(x,0) =f(x) = Z bn((%sin (%Tx)

—~——— n=1 A—
\ ;

At a given time other than zero we might think that our solution would have the same form, just with different coefficients.

Where b, (0) = %fOLf(x) sin (ELEx)

That is to say, perhaps our solution has the form:

&,t) = ;bi(_t)’sinc%x)
,—7—/’

Let's assume that is the case and see if we can't figure out what b, (t) needs to be inorder for the u(x, t)
above to be the solution to the PDE satisfying the boundary conditions. What we will do is plug in our
assumed form of the solution into the PDE and find out what the b,,(t)'s have to be for it to be a

solution.
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Something From 14.4(Method Of Eigen Function

Expansion)
- =
ou 02 . /nm
5= k e u(x,t) = Z b, (t) sin (Tx>
= o —
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So we have a statement that

Remembering that these sin (nL—n x) are all linearly independat we can match the coefficents for like

values of n, this means that:
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Something From 14.4(Method Of Eigen Function
Expansion)

If we solve this ODE for b,,

. . _ 2L . (nm é
With the boundary condition that_bn/(()_) = fo f(x) sm( - x) N,

din =k ("F) |,

- -

<

Ao Oyt

12
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b)) = "k(“’:r’é +e

e € e " .
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L Welle 1=
b, /0= :g P ITX
p)

bila) = C éoflg £ee) Sin "/Zr,( - ¢ - l‘)h (o)
- ’L

Putting this into our solution u(x, t) = Y.n—; b, (t) sin (r:—n x) we get finally that

—_—=

w(x, t) = z bn(O)e‘k(nL_n)zt sin (%x) With b, (0) =2 [ f(x) sin (nL_’f x)
n=1

———

/ -

The exact same solution we got from separation of variables!
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Something From 14.4(Method Of Eigen Function
Expansion)

The method of Eigen function expansion is quite useful in the world of differential equations. It can be used to solve a large class of

problems where separation of variables might fail. It is useful in situations where we have a source or sink in our 1-d rod, or when
we don't have homogeneous boundary conditions.

However it is important to note that we can't just willy-nilly take time or special derivatives of Fourier series... Here is a
summary of the rules for term by term differentiation of a Fourier series.

Full Fourier Series

)
If f(x) is piecewise smooth, then the Fourier series of a continuious function f(x) can be differentiated term by term

it f(=L) = f(L)

For Cosine Series

If f'(x) is peicewise smooth, then the Fourier cosine series of a cotinuious function f(x) can be
differentiated term by term.

For Sine Series

If f'(x) is peicewise smoothe that the Fourier sine series of a continuous function f(x) can be g
differentiated term by term only if f(0) = 0and f(L) =0 (7()

—_— L ——

Q4]

Time Dependent Series

The Fourier series for a continuious function u(x, t) which depends on t
- nm - . /nm
u(x, t) = ap(t) + z a, (t) cos (—L— x) + z b, (t) sin (T x)
n=1 n=1

Can be differentiated term by term with respect to t if Z—: is peicewise smooth. Where

u(x, t)~a'y(t) + i a', (t) cos (nL_nx) + i b',(t) sin (nL_nx)
n=1 n=1
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Something From 14.4(Method Of Eigen Function
Expansion)

Homework Example 14.4 #9

Consider the 1-d heat equation with a known source q(x, t)

Jdu a ~ .7
\ﬂﬁ_ka 2+q(x t) ,/ONi(X/é/_j

withu(0,t) =0, u(L,t) =0 T= 6

- ————— T-o
Assume that q(x,t) is peicewise smooth function of x for each t > 0 Assume that term by term differentiation of the sine
series is justified. —_—e

What ODE do you get for b, (t)? Note that you won't be able to solve it since we did not specify q , the trick is to expand q
in a fourier series as well. o0
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= AL - < WM wrsia(E A+ 7, S E;”]()
wc' /MM — ) -
r‘é ;{'5/“(1’ )()_, Vé, ( )
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