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From our study of the 2-d and 3-d heat equation in thermal equlibrium (% = 0) we arrive at \7 LU _
another PDE which we will learn to solve. Namely Laplace's Equation — -0

%u  9%*u | 9%u
dviy="—<4+Z2 2422 _
In3-dVu = —— ay2+az2 0
%u  d%u
q g2, = 9w, o'u __
In2-d Vou = —— ayz—O

e —

We will begin by first solving this equation on a rectangle in 2 dimensions with prescribed boundary data

at each edge. - %

(H,0) u(x, H) = fo(x) (L,H)

V2 = 0’u  0%u 0
Toxt oy
u(0,y) = 91(») ui?z) =9:(») V2u = 0 u(L,y) = g2()
u(l,y) = g2 () \/ pe— r =
X=0
u(x,0) = f1(x)
u(x, H) = f,(x)
(0,00  u(x,0) =fi(x) (oL)
/>

We might be tempted to employ separation of variables to this problem right away however this will
leave us unable to determine our eigenvalue A, some times also called the seperation constant. Let's
give it a try to see why it fails and then I'll show you a trick to fix it.

We are going to assume that: u(x,y) = h(x)¢p(y)
_/—\/

And substitute it into

0’u  0%u 3

FrEr v
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So we have that: u(x,y) = h(x)p () 0%u _
_— /| — 02 a_y_z_
> 2
o hi)Pty) £ £ hoy o — 0
S0 &S ! ) 9(Y)

=

(v19 e 2 9y = o
o) \/)ML ) v\(x)ay Y) =

M) JXL+N) 2¢* Cj\(x) des
2104 @z:,; ‘N<; oY) g

[ Yn %
WA Y
hix)oxt " pey) v T

O

L
air) x4F aly) ay'*-

—_—
~

Y [ 99
Ldh -4 2 ZE o
1d’h _ _1d°¢ A 3;(1’ 9, )'\/

So we now have: [-—
h dx?

In contrast to the heat equation both ODE's are essentially the same and only differ by a sign. Because of this we won't
assume anything about lambda to start and we could work with either ODE to try and find out what lambda would need to

be. As before we will have three cases to consider, A >0 1<0 A=0
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1(x) = U(’{)( Y

1 d?
¢ = A first. Perhaps one way to see that seperatlon of variables will

¢ dy
not quite work right away is through the boundary condition equations. We are trying to solve:

ﬂ — =AY d%¢

a't(}’ &ﬁ+l¢=0
>0 ’
< rAbT o u(x, 0) = £,(x)

u(x, H) = f,(x)

Let's just check the A > 0 case and check the first boundary condition
&S 2 _ (S S
0P 4 ap=0 > [ +4Z0 [z=-A (=+J74 = A,
v
4= o s(RY)+ GSnRy)

o) = C d’o)A-(/g,{ﬁo):S,(x)

Fl=<¢)  Ulx, o) = ¢, hix) Ulxo=4x)

So we end up with a statement that:

u(x,0) = ¢;h(x) = f1(x) /
V6= OAL)  Uhe) 2 g = 5,60 WP LAY

This means that h(x) = ;—fl (x). While this may seem fine or even nice as it relates an unknown function h(x) to our
1

known boundary condition, however this could be distasterious. If f;(x) does not satisify the ODE for h(x) we don't
have a solution to that ODE:

i S“) \x
d2h d2f,
———hl=0 > ——fid=

dx? dx?

0
'7—
/ -——-p(,() _,_,_é‘,(x)d 0 f

axt < ¢

Our boundary condition is supposed to be arbitrary and if this is true it is not. While it may be that we
can only solve the PDE if we have boundary conditions that satisfy the separation ODE's, being good

math students we will try to find another way if possible. —_—
§=9 O — SATO
—
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Recall from our study of the heat equation with homogeneous boundary conditions that we were able to solve the problem

d?¢
?1;2'+/1¢ =0
-6

s@=0-"7 %

_mD =
s =0 —> <, sialA =0 = A=(T)

—

And in fact it was because both boundary conditions were zero that we found A = (nL—”)

Motivated by our fond memories of this problem we might try to re-write our current problem in some way to make it
look like our old heat equation problem. In fact thanks to the superposition principle we can!

02 _62u+62u_0
U= ox2 ay?
All we really need is some function u(x, y) such that: u(0,y) =g1(y) /
L) ——

U(L,_'Y) = gz(y)

(v) u(x,0) = f1(x)
6;(\/) 4,
u(x, H) = f(x)

(x)
What we will do here‘g‘split our solution into 4 solutions: u(x,y) = u,(x,y) + uy(x,y) + us(x,y) + us(x,y)

——

MS—— —~— —_

Where u, solves Where u, solves Where u; solves Where uy solves
V2u, =0 Viu, =0 V2us =0 Viu,=0 &
1 (0.) = 60 4,(0,) = 0 430,y =0 © 14(0,) = 0
u (Ly) =0 u(L,y) = g.() uz(L,y) =0 # us(L,y) =0
u (x,0) =0 u, (x,0) =0 us(x,0) = fi(x) ¥ u,(x,0) =0 .
ui(x, H) =0 u(x,H) =0 uz(x,H) =0 ¢~ uy(x, H) = f(x)

—

Sec 13.5 Paqge 4



Sec 13.5

Sunday, May 31, 2015 11:23 PM

Before we proceed let's verify that our sum of solutions indeed satisfies our original PDE:

u(0,y) = g:(»)
G

Viu=—+-—=0 u(L,y) = g,(»)

,0) =
Sylves u(x,0) = f1(x)
u(x, H) = f,(x)

For reference u(x,y) = u,(x,v) + uy(x, v) + u3(x, v) + us(x, y) Where:

Where u4 solves Where u, solves Where u3 solves Where u, solves
7 V2u, =0 —= V2u, =0 Viu; =0 V2u, =0

%___, —_— P — ]

u1(0'3’)=91()’) uZ(Oly)ZO u3(0'}’)=0 u4(0'3’)=0

uy(L,y) =0 uy(L,y) = g2(y) uz(L,y) =0 uy(L,y) =0
/__ _ —_— /__
u(x,0)=0 uz(x,Oz =0 uz(x,0) = f1(x) Uy(x,0)=0

— e —
u; (x, H) =0 u(x,H) =0 uz(x,H) =0 uy(x, H) = f5(x)
e = —

Let's check it out.

0 0 7 o
T _ 2 JU — t 2 _
VU= 05 [v,+u+v3 7)) = V0 + P +9)0, 400, =

7
U/o,\/)/?‘(/) 4, y)

V(oY) = U%‘/? -l’Uz//"f‘/) ’LU%" _H/‘/V] 9.(4)

LIN) = ?}LV)

UlL,y) = /7)+ 02/50 +v3//y)4u L,~,) g, (Y) v
K £ ()

()(X)d) : —Y,(x) O 0
— 3, v’
vilx,0) — Ulyo) ’}U%o) -/L}//g 6) +U/X 0) g )

J OO H) = Ftx) © ©) F,0¢)
X, H)= U, (/H)TUL TH) =054, 64 ) U 6, 4H)  \ ~
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While this may seem like a lot more work 4 PDE's instead of 1 we at least can now have arbitrary boundary conditions.
<
Let's solve the PDE for u, first. (H,0) u(x,H) =0 (LH)

_;-Vzul =0

u(0,y) = g1(»)

ul(LIY) =0 u(O,y) = gl(}I) Vzu =0 u(L')’) =0
—_— —S
—7 w1 (x,0) =0 Y//U /\
P

—3 u;(x,H) =0 \/9”"
/\/

From separation of variables we have:

‘For’ Jh(S oSl
1d*h 1 d2¢ _‘}1/ 1d?h 1 d2¢
hdx?2 ¢ dy? Or hdx? ¢ dy?

_— ==

(0,00 u(x,00=0 (o,L)

If we take 4 > 0 then which ever of these two ODE's has a minus sign is going to give us our sines and cosines. We
want to choose this based on which variable has the homogeneous boundary conditions. For this first one we have
homogeneous boundary conditions in y so we will stick the minus sign on ¢ so we can have sines and cosines there
which will allow us to find A.

5 A 7o
- 900 _ 2 ”
/ﬁ//‘ —2 —a—% +1rp= O —al’lw\:o = M=-A
¢ 7Y oy

] )
Ply) = ¢ cos WA Y) +c, S1nlA Y) U, X, M) = © w)ht=6
: 0 Al6) = ©

0= ¢, coslo) +65m(0) = © )=
=) (ZO0

d(H) =GsMfaH) = &
v—[&ﬂg:)’\ﬂ' N

nmr

JAZ '% S A«’Gj)
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Solve for u; Cont.

¢

= 4 Sin( %lr‘l)
I

2
Now we need to solve —Z— = A and we have that A = ( }

1 %h _ A
oo hi#)= € coSh(UR¥) 3G Sah (JAx)
h g J03)=9,(4) L) = @

ax* 1y

olfy)h)= o
_Q’lb\_ -hA ) Y) O(Y}
>xt
haV=o

* = «
— A.—' O MJ’W”’
r hir)= o :Mm@ =0 4o

h(x)= ¢, cosh (FA (XL +C, St

o

‘, .
n(e ):%ask(ﬂ/a)) 3 C,_S;nb//g )

6 ar b Frary

ho():clcosh(rm'\ +C»SI\V'II’|[I}XX) C,f/O

X
CoSh(£)= e +e s,hL(x)’f e

Ax Ja e
A
C(ex'f{ BV FY f)

e( C';C -rLLC‘({

7_
~JrX
e

hin= ngl‘r\l’\ (va(x- "))

AX
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h,00Z csanSE L) QB LS & Y)

So now we have u,  (x) = A, sin (% y) sinh (% x—- L)) we again apply the superposition

principle and obtain: = _

uq (x,y) = i A, sin (%T y) sinh (I—IHE ®— L)>
n=1

We also still have one boundary condition to use u; (0,y) = g, (y). Applying it we get the equation:
—_— —

X [oe)
Uy 80 y)=9:.(y) = Zl Aisin (EI;—T y) sinh <% (—L)>

-

—

_

But we still need to find those A,'s .. Let's compare this to a case we have seen before:

flx) = i sin (nL_nx>
n=1

9 = i(An sinh (2 (=) Jsin (S5 )
~— n=1

—_—

Bn=%f0Lf(x)Sin<nL—ﬂx)dx ﬂ ﬁ@@))=%fgiy)sin(z—ny)dy
T ~— I, =
= T%V\

OR that...

A ! ZfH (¥) si (m )d
n=" - N 4 g1\y)sm{—y|ay
sinh(%(—L)) H Jq H
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Let's take a look at the situation for us Now the homogeneous BCS are in x.
Viuz =0 —

’ (o) wsCH) =0 (LH)
u3(0'y) =0
u3(L,y) = 0 T~ A
uz(x,0) = f1(x) \/ 1[

0,y)=0 Vius =0 Ly)=0
u3(x,H):0 u3( ':V)_ U.3( .)’)—
From separation of variables we have:
(0,0) u3(x,0) = f1(x) (o,L)

hdx? ¢ dy? or

Here we have the homogeneous boundary conditions in x. As a result we want our function of x to be made up of the sines
and cosines so that we can find A. For this case this means that we want

h(x) =¢ cos(ﬁx ) +c, sin(ﬁx)
—_——

So we can just move the minus sign over to there. Another option which your book suggests is that you keep the minus
sign on ¢:

Either way we are just paring that minus sign with the variable that has the homogeneous boundary
condition so that we can find A.

That said we would now have to solve the other 3 PDE's get sour solutions and add them up to get
u(x,y)
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Homework Example 13.5 #1 c \\
Solve Laplace's Equation inside arectangle 0 < x <L , 0 <y < H for the folowing Boundary conditions.
u L,H) = O
20, =0, ull,y) = g, u(x,0) = 0,u(x,H) =0 H oL, )
A ._.;2_’"_: L" 2 =\
L
n af 0 9\/ by, (o\’):o U(L/y);”j()’)
. 9 R
-_—_[0_/1? = A y
9 oy~
@CC COSC()?\,\/) "i'(:,s’\”é)j\y) \
5 Y
Qo) =@ = q= - : =
_ MT
@(h) =0 = /\v(—:”’) X \\
20 - L@ oly) =0
_ ./ niT o=h@bY) 0. L@ ol(y) =
0.0 65 (3FY Zaot
o(l\ Ahz 0 =S L.(X);C’/(OSL\(J"_\Y)"'C;_S’fnk(u?\x)
— /
a\)(
M- T Sk (VR F G IR @Sh R
AX 0 0
osh(o) — 0O
dh| = R Sih(O) Hl/‘m )=
PYAD 7 N \ w\"”
A’

&m): q (aSh(U//\ﬂ
U,Lxp) = 2 Ay COS“ + ) Sm®

?A (dsb\(/t‘) S/’\( 7)
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U (iS50 = S An s (%5) (25 )

b 2 nel

IAESS
L nw=/

2 .
K - ’S—?Cy)Smﬂrxdx
r L A A
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u(a,6) = f(6)

Laplace's Equation on a circular disk

V2 6)_16 6u+162u_0
wr, T ror rar r2 90%

— —_—

BC1 u(a,B)=f(6)
- —
Before we try to solve this bad boy we will need to consider some additional conditions on our solution.

Polar coordinates are singular at the origin r = 0 so we will enforce the condition on our solution that:

lim |u(r, 8)| < o«
o

u(r,—m) = u(r,m

- =

For mathemagical reasons, we will also require:

0 0
/ = (r,—m) = % (r,m) ¢

These are called the Periodicity conditions and imply that at & = ™ we have continous temperature
and heat flow.

If we have these conditions we can apply separation of variables that is we will look for a solution:

u(r,0) = ¢(6)G(r)

—
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Separation of variables for Laplace's equation in a disk.

10 0
We have: V2u(r,0) = = <T_u

u(r,8) = ¢(6)G(r)

rar'ﬂar(d)@GU +( 2, §(o) ) =o

So we now have: J/

1 d/ dG 1d%_, 4
(T(T)H?( >__7¢57172_
w\ ————

We have two cases here that don't give us trivial solutions namelyA =0and A1 > 0
Lé’ AN ——

Let's solve the ODE which is new to us first.
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& Ar 6
Sec 13.5 S o(dErril)on
Monday, June 1, 2015 11:15 AM rr o&q@ /\ 6
[ =
a4 (ﬂ») ~2 . A//»)
Grydr \' dr G ' ’/Ag
o
CaselA =0 670

'
(6 £4 (%) = o ()

d , 46
it

Keeping in mind that we need lirr(l)lu(r, 0)| <
ro

Amr ] L2 | (o) (4N 4G)| £ <2
‘\szb
g LI | SN +0[ € 2
,/ 2o =) ¢To

Case2A >0 Expanding our ODE out we can write:

,d%G  dG
*—a r W{'T%—AG:O

(A n
- f'+/r£‘7/‘f>«/\f°p':o

A2

X P IR
[ e+ P

N4

P’
P(P-1) rP + Pf()—-/\r — O

(P( P-() +P - A) (P: o)

A
Keeping in mind that we need: lirr&lu(r,@)l < o ‘6({‘) = Cl f + C;,

“f:; (C/(e) 6(r)/ _

Let's guess a solution of G(r) = rP

P(7-)+P-~A= O

="

PLpLP-AZO
|'°°'—*A -0

T

Y: A

—+JA

. ‘ 7
P A |€) = g o | e g,
>0 >0

_— =\

Sec 13.5 Page 14

r



pao IV 2 QOIS = QL | T A6 [T

=~ N

Sec 13.5 Page 15



Sec 13.5

Monday, June 1, 2015 11:25 AM

Now let's solve our eigen value problem

k9 #m=ém <

i d¢ d¢
A% J 39 M =35 ™
2 -ng 2
r(él A 0
At ot d)
CaselA =0
ﬂ_:go b= (o +(o G=-¢
40%
(T 4= ¢, (M4 ¢ =o
Ad (¢
Sdte)= €1 | oo
Case21>0
LI po=0 uazo  fEon r=rFA
A6 ‘
v F;’:(ﬁw
Y Y , .
> &)= ¢ oS (TAO) 1, sm~®)
“Zh
= ;’\%:-Cﬂﬁ‘ SIn@AE) £y gntos(IAE) e
- /'7') \
aﬂ"‘c dj(o;()f{-fr))-l—()’S:‘/\@T\(’ﬂ')):; CI (03@717’)4-(15',,\(}',’\ —h’)
' <
)’ AYATY
‘ = N +G SUAT)
CV(@") "C)_SW\(\)T\’IT) = C, ¢ r 3
7% JAT =0T
~GSEN = GsmGRT) G
Jazn
=y

— ﬂ o)
%(’(T) /0‘0(/\’)

-C, A Siq(JAT) FLJUA 05(JAT) = —(,J'Kg,‘na?\éﬂ')) + €, UR €03 (/% (—TI'D
(g S GRT) £ QUEBSTAN) = GRSWIR() +GUR eI
—¢ n
JAT=nT ¢, Z O

\ S
' -(,,/xs/n(ﬁrr):c,,ﬁ\s,u(ﬁ ) T

(bla)= ¢ osne) +6,5m(n0)
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So we have solutions of: CZ

G(r) = clr‘m with 2 = n? we have G,,(r) = ¢; 7"
and
¢, = A, cos(nf) + B, sin(nh)

Thus u, = G,(r)¢,(0) = A,r" cos(nB) + B,r"sin(nob)
Un 0, DTG0 "( AptoShoyt Basin(no)) —ﬁ

Applying Superposition once again we obfain:
A=©O nzo

[ee] v oo
61> € u(r,8) = Z A,r" cos(nf) + z B,r"sin(n@)
CP[@); C - n=0 n=1
Uo(',) 8)=C ‘

Again we have to find our A, nd B} . Apptying our last BC gives us:

}[é

u(a,0) = f(0) = z Aia/n cos(nf) + z B,a"sin(no)
n=0 ! n=1

Applying our usual tricks we find that

v

1 1
———DA0=§;f_nf@)d@ v o =
1 s
S An;t” = ;f_#f@) cosn)de > A, < o /;:(93 B3 s)Jo

A

—

+> Bna" = }f f @) sin(np) de
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F

i 6\
-~
Homework Example 3a (o)

"
~\7 g_o(_)

-0 - -

Solve Laplace's Equation outside the disk (r > a) For this we will assume that lim [u(r, 8)| 5 % Note also that for
r—00

this problem our periodicity boundary conditions: u(r, —m) = u(r,m) , Z—Z (r,—m) = Z—Z (r,m) still need to apply

for the full circle. p—————

A=o
Glr) = Gotr) ¥ @le)= o
«Cl"“‘ /(//&"‘(‘f‘ f(l} L > I](/
M>00
75(1’/" th\iéz ulne = Aé
1zo
& () | Ple)
A ik \
GiN= ¢ ¥l C prer=< esA ) +G. s &)
[
” A - ) =e(-m)
7}6'_%0 | e.r A+g-ﬁ/¢% ,
r | ZJ—QCW');&(—W)
_ ' de geo —
=S (=9 I ket e FUSHF Solved -
&ry=C _ _c o0 = A=nT

l' d))(é);C, coy(ne) +6 Sin (ne)
' ¢h{«4): Ay\(osMH—&_‘w‘mm o)
h A

VL= S AT (os(ne) + 8, sin(n6)

N-o
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oh _
;)-(—."_—/\"\— o
L/

o) = ¢ CaSL\QJK’()-j—(LgM héZx) -+ C‘3 cosh JA(¥-1) ¢, Sinh Jalx=1)

+ (- cosh UR(x-1) +( nh JA(¥-0) 4+ - 4 -~
v

Ih(s)= 6 A
7ot g g

/zl?cosﬂ 6) 46 Srio) +/3’ coSh(JAal-1) 4—//:, SAJA (-1 )

o 0
1 hetosn SAGL) fosidg Ra) £ :@//

L )=

hit)= o6 9

0 @\ p\
f,/I(o’)L\ (JZ(‘))‘/'}{SM Wi(al) v’—%tasﬂ\(df'i(b—l} A Gf Sin (VA (L7])

o]
4 fleosi 7 *‘65"‘7@) FINR—,
(
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oD
et n o
Ulhe) = Z %}Mr :asw\e)-}ZBh(‘ Cra(no)

nso h=|(

, o2
— ’v’ \ -n N
U((}é) — Ao + Z Ah{‘ (oS(V\Q} + Z 6hf S nine)
hz ! hZ

‘—h /S ,CC)()(oj(/X)

N
,V\
Apa. —ar gﬁjﬁ(e)my’" °)

=

[ cT
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