Sec 16.3-16.4

The Fourier transformation of a function f(x) is defined as:
1 (® ,
FIFG] = F@) =5 | fee dx
The inverse Fourier transform of a function F(w) is defined as:

FUF(w)] = f(x) = f_mF(w)e‘i“’xdw

We also saw that the solution to the heat equation on the whole real line

2
LR fu(o0,0)] < oo u(x,0) = f(2)
x
Was given by:
*© . 1 (> .
u(x, t) = f c(w)e~@xe=kw*t gy, with c(w) = Erf f(x)e'*dx

It turned out that the coefficients c(w) were just the Fourier Transform of the initial temperature
profile f(x)

So It might be prudent to actually calculate a Fourier transform as an example of how one might determine c(w)
Now f(x) can be pretty much anything but we will do one that is particularly important although it's
transform is not for the faint of hart. (its really not that bad just messy.)

ax?

Suppose f(x) = e~
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So we have a solution to our infinite domain heat equation:

where:

* . 1 r® .
u(x,t) :f c(w)e~wxg—ko*t gy, c(w) = gf f(x)e'*dx

Let's find our c(w)

1 (® .
c(w) = —f e~ ax” glwx gy
21 )_ o
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It turns out we use Fourier Transforms to turn PDE's into ODE's! Let's do this with our heat
equation.

ou 0%u
ot 9x2

The trick will be to take the Fourier Transform of both sides of this equation. Before we do that let's just
name the Fourier Transform of u(x, t) to be U(w, t) that is:
_ 1 (® ,
Flulx,t)] = U(w,t) = ZEI u(x, t)e'“*dx

Now Let's see what happens when we take the Fourier Transform of both sides of our PDE.

The time derivative side is easy

. o . . . d
For the Spatial derivative side Let's first examine what happens when we take the Fourier Transform of ﬁ
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ou 1 (®ou . Let's throw integration by parts at it.
Fl=] == —L plwX g Yy p
ox| 2m/)_,0x

SoF [Z—Z] = —iwF[u]

9%u
g )
Any guesses for F axz] ?
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Then if we take the Fourier transform of our heat equation on both sides we get:

T[Qz] _F kf’_zf]

O Flwrt) = k(—iw)?T
e (w,t) = k(—iw)*U(w, t)

An ODE! Let's solve this thing.

So we have U(w, t) = c(a))e_k‘*’zt we can then simply apply the inverse Fourier Transform to
obtain u(x, t) Thatis

oo

u(x,t) =f U(w,t)e"tdw =f c(w)e kot gmivt gy,

—00

Just as we had from separation of variables!

We could find c(w) again using:
c(w) = i-foof(x)ei“”‘dx
2w )_
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Shift Theorem

IF F (w) is the Fourier Transform of f (x) then the inverse fourier transform of e!®# F(w) isf (x — )

We can show this by taking the forward transform of f(x — ) whichis if_oooof(x — B)e'“*dx and
making the substitutionu = x —

Note that this means
f eBOF(w)e ¥ dy = f F(w)e w&=Pdey = f(x — B)

— 00

We will use this idea to prove the next theorem.
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Another representation for our solution using the Convolution Theorem. First Let's define the convolution of two
functions, f x g

w U
frg=| rege-nax

Let's ask the following question, What is the inverse Fourier transform h(x) of a function H(w) = F(w)G(w)

Where: 1 fox _ 1 foo iwx
Flw) = 2nf_oof(x)e dx G(w) = o _Oog(x)e dx
f(x) =f F(w)e “*dw g(x) :f G(w)e " dw
We start by just applying the inverse Fourier transform to H (w) hGo) = foo H(a;)eindw _ foo PG (@) da
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So we have that if H(w) = F(w)G(w) then h(x) = 51; fjooog(f)f(x —x)dx = % g*f)

. . . . . .1
In words we are just saying that inverse Fourier transform of a product of two Fourier transforms is pom
times the convolution of of the product of the orignal functions.

What does this do for us with regard to the heat equation? Well recall that the solution was:
ux, t) = f c(w)e k0t g0t gy = F-1[c(w) e k@]

Let's name G (@) = c() and F(w) = e k®*t

: . 1. , : .
Then by the convolution theorem u(x, t) will be equal to the 5 times convolution of the inverse Fourier transforms of
G(w) = c(w) and F(w) = e ko™

We know that the inverse Fourier transform of c(w) is just of f(x) and we found out earlier that:

_wae—axzeiwxdx = —1——e_(:_02c
21 )_o, Vara

If we take the Inverse Fourier transform of F(w) = e~ k@t it would read: ffooo e~kw?t g=10X g4, which we can figure out

easily using the known integral above. Let @ = kt, x = —w
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X2

so we have that F ~[c(w)] = f(x) and T‘l[e"“"zt] = \/%e_m

What we want is T‘l[c(a))e‘k“’zt]

The convolution Theorem States that:

FHH()] = FHF(0)6(w)] = i-fwg(f)f(x — X)dx
27 J_o

where gx) =F HF(w)] and f(x)=FG(w)]

If we apply this to our solution

U(w,t) = c(w)e kot
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So we have a solution to the heat equation on the whole real line for any initial condition f(x)

1 (* [T @
u(x,t)=%f f0) Ee 4kt dx

Note that if | just bring the % into the integral and multiply it into \/% the solution takes the form:

(x—%)?

© 1
u(x, t) =f f(.f) 4‘—71_]{;6__415 dx

(x-%)?2
We often refer to the function G(x, t, x) = /ﬁﬁ e skt 3asthe heat kernel, or sometimes the influence function.
Think of it this way, at each time t G changes and then multiplies the initial temperature distribution "updating" it to
the current time. It turns out that this G is specific for the heat equation, also known as the diffusion equation if we
take u to represent a mass concentration. Let's take a maple break and watch what this does to an initial

distrubution!

3150heatke

rneal
Now it should be that at time t = 0 we recover our initial temperature distrubution, clearly we can't just plug

in t=0 as G would be singular there so let's instead look at the limit of G as t — 0% and see what happens to
it.

— 2
1 . _(x;’zct)
Amkt

t=0.01

It turns out the thing that this is headed toward is what we call the Dirac delta function or delta distribution
6 (x — x) it has the neat property that at the point x= x it has a value of infinity but is zero everywhere
else. Not only that it turns out that

f T =1 f_ FE)S(x — B)dx = f(x)
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Homework Example:

Show that the Fourier Transform is a linear Operator.
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