Chapter 1

What are complex numbers?

Believe it or not, the Greeks used to argue whether or not v/2 was indeed a number. As we all know if we take a right
triangle with legs of length 1 the hypotenuse has length v/2, demonstrating its existance.

Once that was settled, a new class of number was added to their number system, that of the irrational numbers. As we
will see the complex numbers are a further extension of the real numbers. That is, real numbers are complex but
complex numbers are not real numbers.

Let's pretend we are mathematicians of the old days and try to answer the question, what is vV—1?
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So we have a new number system! We might ask, how do they add how do they multiply? ( N \ .
Cot)e =
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Given that we can get real numbers by multiplying imaginary ones, is there some framework we can
create which combines the two types of numbers?
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Chapter 1

Playing with new number systems and operations if what a lot of mathematicians do, In many cases new wacky number
systems turn out to be useful, such is the case with the complex numbers. From electromagnetism to elastic wave propagation,
complex numbers and the calculus associated with them prove to have REAL application, despite the unfortunate name of the
"imaginary" number system. Just as real numbers store information about physical systems complex numbers can do the

same.

Let's get familiar with the system and its rules.....

There are two basic ways we use to represent complex numbers

z=(x,y) z=x+1y

— T ==

We callx = Re(z) and y = Im(z)

How do we add them?
(x,¥) + (X)) X410y 4 ¥ +5\/'

(X’“/:]\/*/'Y,) XX+ c(N+Y,)
How do we multiply them?
—> (X,¥)(X,,Y) [ X *c\% (~l—c\y,)
‘\_/\

XX, + ¢xV, HX)Y + oy ey,

(A5, 5V 4, y)
= XX 4 OxV 4 Xy) =YY,

= XXy, & L (XY YY)

re. J

2NN

What about z * 0 then? Wellz * 0 = (x + iy)(0 + 0i)

\éd_/ o o O
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Within the real numbers we have some special numbers, 0 (the additive Identity) and 1 (the multiplicative identity)

That'sbecausea+0=a anda*1=a
— T —

Associated with these special numbers are what we call inverses, the additive inverse (-a) and the multiplicative inverse a ™!

Inverses take us to identities thatis, a + (—a) = 0 and a *a~! = 1. In the real numersytem we know the additive inverse
.. . . N TR T . — . - 1 .

of a number is just its negative and the multiplicative inverse the recripcol I.E.a™! = o We might then ask what are the

identities and inverses for the complex numbers ? e

1 L
2 == 53 7 = \
Addition is fairly strait forward
()(4—(‘\/) 1 (—/X/(:y) - X—-x - [(\/,\/): O +O(
. -1 - _
What about multiplication? { =X Z 2 -2 = \
< - 27z atli

(x+cv)(a+(h) = | +oc

- - — 40
X& =by + (Y +hbx) = 1FoC =

b
XY (¥ =by) <IXY) T— ——
e — )

xtay —yipx = XY - - - - - Xlﬁ\//\/lb)(’;x\/

0

L 2 -
- - = Xy AY = XN
X bX =y bX )11\/ \/l)’ %

1
—bx( Xty = Xy Yy (xHyt) =Xy

@= :L(\fb/- - =M @’—,’9’:— - X
KO ey ALY by

So the additive inverse of z = (x,y) isjust —z = (—x, —y) = —x — iy and the and the multiplicative inverse of z =

(x,y) is
[ x y .
TxZiyz \xZT+y2 t

x Y
x2+y2' x2+y2
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We also have a lot of loved algebraic properties from the real numbers which we should investigate in the complex
number system. Things like, associativity (ab)c=a(bc) and commutativity ab=ba etc.
i
Let's show it in general for addition. 2
Z, :C)T)7I> 5= C)(a_\\rl—) %3 :(X,,)\/a')

> (2,42)) 42, = 2 +(ZaH42) = (x,,v) +<<><2)YL34(X‘5,\(3%

(X,)v
(C3) 46 1) )65 ) O )
= (XM»XL )V;Jr\/J —1—/3(3,\/33 :<(f(,/+x1 Xy ,\/14\/,_4@ é((—fx,,-h?) V"’ZZ’@

It is also true for multiplication. Let's just do a quick numerical example. How about z; = 1 +1i,z, =2 —i,z3 = 2+ 21
— \

2 Z, = ZLZI

ﬁ\\ ,

C14+0)(274) (1-0)(140)
=27 N

— - - "2- -~
=2l e D - -4
= 2L~/ +] 2 —¢ Ft 2

. | /3“’&\
/A

\—> Telonss +Fo
Indeed for complex numbers we can say: V(for all) z,,z,,z5 € C that the following properties hold. ( s
c— g

—_
- — —

For addition of complex numbers

_—

For multiplication of complex numbers

0+z =2 ,1(21) =7z
—zy) = z(z))"t =1
z3+(-2)=0 X,L e
Zl + ZZ = Z2 + Zl - -, ZlZZ = Z2Z1
atn =Rt PRS-
(2, +2,) + 25 = 2, + (25 + 23) 2 (2125)75 = 21(2223) Cx +73 )()(12_) =6
X + | = C) X +3 =%
(X +C)V(xX=¢) X+2 = o

In fact with this and the multiplicative inverse property we can show that if z;z, = 0 Thenz; = 0 or z, = 0. To see why
— e
suppose z;z, = 0 and that z; # 0 then we can say: 21—1 x() = Zfl(Z1Zz) = c

. e -—\_7

So: 0 =z (212;) = (z1'21)z, = 1 %z, = 2, thusz, = 0 O = [ ’ %
— - T - —
o
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Division of complex numbers and the complex conjugate.
How might we calculate something Iik Wel@_}i z; ! Thatisif z; = x; + iy, and zy = x5, + iy,
Z2 _— —
- . X2 V2 .
1
z1z; - = (%1 + iy1) < - ( >l>

n—(atiy) G —iys) <]
ZZ—-ﬂ(xZ +iy;) (xp—iy,) &1

3—2¢
Note that we simply multiplied the top and bottom bThis number is called the complex

congujate of z, = x, + iy, and we denote it by Z, = x, — iy, We will talk more about this in a bit. THEZ

Let's just do a quick example: ;Zi -
TS D
. ) n —y
[ 420 3Me) c’l,g&sjcz
Sra; (sear) | GreglGewd)
2 T .
= R -gC . ~He S —Q()) 4+ 2e
- — :
%M;u‘l T — L)
[|4-1c' AL _,,16‘
— . — = B —
o+l 25 25 xS
(A+6d)(a-b6¢) = atelr - L+ Y

Just a couple other quick things q

2+ 72, m_ i e

- =(z1+z Zl=zzl+zzl=—+—<"—"

Z3 (z1 + 22)z3 123 ’-Z_Q—,?

(2125)" = 21 'z " \since (212,) (2123 1) = (2121 )(22;1) = (D) = 1
— T e P — - - —-—

1 1
— (—) (—) =z1'z;" = (212) 7" =
Zq Zy _
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¥R

From the properties we have looked at it might be apparent to you that we add complex numbers in the same way that we
add vectors. Indeed we have two components, a real part and an imaginary part which we plot in the complex plane much
like we plot the x and y parts of a vector in the complex plane. In fact we often associate a vector with a complex number.

(3 +4:)

Complex numbers as "vectors"

Let's get a sense of this with a picture, let's look at Am
z1=1+4+2i,z,=2+2i andz; + 2z,
T 3,9 l

N -
(1,22 +(2,20)=(3,Y)
W

DN

—_—

*y 2420 2 3 Yy
| 42 ,Jff’/'g_
\/ _ T,;.Is

0
A+

~
-
-

With these associated vectors we can calculate their length in the usual way, |< x,y > | = /x2 + y? This leads to a natural
..

definition of the absolute value of a complex number z some times called the modulus.

|z| Jx2+y? forz=x+1iy

Geometrically speaking this represents the distance 2
the number zyis?‘rom tf\e origi:(O 0) Note that |z, + 2| = /(1 +22)F (1 + yz)l
’ /_—-A

)‘ A, \t: {2,

We also have the triangle inequalities
|z + 25| < |z1] + 22| and |zy % z,| 274 | — |2,

Another neat formula for the magnitude(modulus)(absolute value) of a complex number comes from multiplication of itself
with its complex conjugate. |z| = +/zz Let's verify this with z = 3 + 4i

22 = (w-riy)(x’zy): XL—L\/Z oS = IZII
v

12)=J xSyt = l%(’ 4\/ =22
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Circles and ellipses in the complex plane.

Using the idea of the modulus we can actually define circles and ellipses in the following way.

Consider the set of complex numbers z which satisify |z] < 2

e

2

m e 2 |’l, )éz/:\;.
7

U iyr =2
T
X k2

What about |z — (3 + 2i)| < 1?
= > W=

(2-1-Y
——
What about the set which satisfies |z —i| + |z +i| < 5

*L Y]

We will use this idea often and define a disk of radius r centered at a point z; as:
%' Suehh +has

D(r,zy) ={z:|z — zy| <71}
(t A
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Chapter 1
Properties of the complex conjugate

We saw that the complex conjugate Z = x — iy of a complex number z = x + iy was useful for division and finding
the modulus. Infact it will show up a number of times in this course so we should talk about a few of its properties.

- 2. |zl = |z
~31 7=72 — |z| = |z]

) N ad
(x+ey) = (x-iy )= Xty St 7
St Ut
¥ oA
3 3 nAn=n+% 4 L =55
B PRy —
e N
(X,4%) +(1, H¥) ¢ X AKXy AN -V
X\ +% = (v, +1) ¢ X%, = (¥, +1)L
(n\ _7& g
5. <Z>=5 6.2z = |z|?
e 7
(6 -co

cos () = é/’ﬁ—

L— zZ—7Z

- = 7 )
X+ey — (¥-<y)
X1oq L X-pF _ xax_3x - F :
- — = X_’,‘ v —/"' N4
L r> galan
2—
These properties also lead to the fact that. ; -
2 ['4 \/ - ( /
2

|z125| = |z1]|2;|
/—h
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Other ways to represent complex numbers (Exponential Form) O(, Y) X +¢ ‘/

Let's think back to the vector form of a complex number for example z = 1 + 2i as (1,2) RZ(Z \ = ‘

— ——

TIm(2) = 2
wﬁcz 1)
F =%
Y = 2
7
— >
jan( O)= /( ,&_ 1
(oS &= — - —
O = qvetanl 2{) @ Yy Js
| = JT 0s 6 = rel?)
) z =S - 2 =Im
X Y Sinle) - U/;; =) ();346-2_4

So we can represent this as (\/?COS(B) , \/Z'sin(e)) Going back to our other form of complex numbers this means that

z=142FVEs@) +WEin®) =  yrloso + £ J§ S 6 = JT (c03 & 3,51 0)

In fact for any complex number with z = x + Ly, we can write it as z = r(cos(0) + isin(8) )

Herer = |Z| \/?c + y2 and # = arctan ( = F We often refer tq 8 =@&rg(z) Of course the value of 6 that defines z is not

unique. te. In practice we often use what we call the principal argument of z which is the value of 8 which defines z and is in
theregion-t <6 <m

That is for z = r(cos(@) + isin(6) ) the principal argumenties betwee 5

The general argument of z is defined as

arg(z) = Arg(z) + 2nmt wheren = 0,+1,+2, ...

—_— e ————————

AV cHan o) :Tr/"

__Example: Forz = —1 —1 —Ji find Arg(z) and arg(z) and write it in the form
zZ= r(cos(H) + lsm(e) )

Ara (2) = ‘ w
I
- ne 4 @)t J—

Z=- JL (coS ( '?/iz +2KT) J—L‘s»‘m("‘{”',v)_mﬂ“))
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C(;e) (

¢

q’ .1(L

| mentioned Exponential form, but where are the exponents? Well thanks to the all powerful Euler we know that

e

Thus for our complex form of z = r(cos(0) + isin(0) ) we can write:

\eie = cos(0) + isin(0)

z= r(cos(@) + isin(@)) =i

re

i0

R

(oSt
L (o
ﬂZ

We can also shift the circle by any amount. z = z,

) 3T

€

T

This is the exponential form of a complex number. So for our numberofz = -1 —1i = \/E(cos (— ) + isin (— 3—“)) =
I 4

So we can write complex numbers in the form z = Re®® Let's think about what this looks like in the complex plane.

3T
4

« Z

2E

=¢ ¢

%
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Multiplication in exponential form and de Moiver's Formula

As it turns out the regular rules for exponents apply to our exponential form! This makes working with
complex numbers quite nice. — -

Let z; = re'%t and z, = 1,e then...

PE
avelBl= 9\})"‘# 4.\/‘9 (z;.\; 2 AN Li6,-6,)
2,25 = (1y1,)e'(01+62) 1 Z, T
¢ . l: ef Y
. ©: L0 z LE/ : " .Cz@—el)
re re¢ 2. T o
t6, (O, L(e, 1—6,_) v 2

Incidentally notice that this suggests arg(z,z;) = arg(z;) + arg(z;) and \arg (?) = arg(z;) — arg(z,)
2
—_—

What about a power of z? Let's examine z" = (reie)n
—— P a——1

(V‘et‘b)y‘: ({\e[ é)/fcce o (ﬂe c‘a')
—_ S

ke

Lry‘ellf\e

If we take this back to the sine and cosine form with Euler, we get de Moiver's Formula

h (hne

22" o (VY (coste) 2 Snne))

z" = r™(cos(nf) Hsin(nh))
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1

We can also define the multiplicative inverse for the exponential form of a complex number z 1= ;e_ﬁ
|
Let's just verify it.. 2 2
(¥ A t *
~( (© | - (6 (o — Le
22 = | ( re —e — Te =2
r
’ @

Notice this means that lrg(z‘1 j =l—arg(z) S E

| mentioned that because of all this arg(z; z,) = arg(z;) + arg(z,) , and this is true but, what about

the principal argument Arg(z,z,) = Arg(z,) + Arg(z,)

_’ — T— —_———
Recall that arg(z) = Arg(z) + 2nm so depending on the value of n the above equation may or may
not hold, we will actually have to choose the right one. Let's illustrate with an example.
(ar Iz
A
Letz; = —1land z, = i.Then Arg(z;) = m and Arg(z,) = g Also z,z, = —( so that Arg(z,z,) = —i
— —— ‘ -
But Arg(z,) + Arg(z;) = +g = 377[ *
— = — ——

But if we use the general argument it does not matter since we can add any multiple of 27

So we define

arg(z,z,) = arg(zy) + arg(z,) =P, + 2nqn)+ 8, + 2n,mf= 6, + 0, + 2(ny + ny)m =@
n=0+1,42.. ij L—T——J S -

From the above we can say arg (j—l) = arg(z,) — arg(z,) since..
2
=
=

arg(z;) + arg(z; 1) = arg(z;) — arg(z,) = 0, + 2nym — (0,42n,m) = 6; — 0, + 2(ny — N7
— e 2

Z
o 2) {5
=0, — 0, + 2nw '
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Exponential form can be very useful for calculations too, Let's do a homework problem to see
how.

5. 1.8.5: By writing the individual factors on the left in exponential form, performing the
needed operations, and finally changing back to rectangular coordinates, show that

(a) i(1 — V3i)(V3+1i) = (+f;:)
(b) 2+_1+2,. Are banl | {%q[i\
C)( 1+ 1) /j B ) f’

(d) (1+\/—? S0 43 = TTé( -

b
Avogla+) =37, /

- o~

7
(-I-l-ﬂ F=Jentso* = J2
L7
—l+c- yJ2€

\’3’1.7

(_ ‘ F“)7:(J—Q’.CL 4 )?: (ﬁ)ie ¢ 7’(‘}7)
= 82 (cos() vi 5inE))

(cos(“"’ ”/) b Csia (2T 9)
= ?J/ [(og(f;ﬂ'»} /) 4&S/n(97+ )>

- o2 (@sCF) +isin(-12)

e cealE )
Q(-1-¢) :é—?(l*c"?
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Roots of complex numbers

| bet you thought that Vi=1 , while that is true there are more solutions than that! We say Vi=1 since__li=_1_but if
there are any other values say z where_zi = 1 we should include those too, just like we do with /1 = +1 We do however
call 1 the principal root. In fact for any real number 3/r we define the principal root as the positive real root.

4T

2T
Infact V1 =1,e3, e( 3 ) Let's just verify these roots..

W= 1] = ( 0
27 . .
(& = {mrys.S - = dcys{;—w)‘}-,js. (277 )

“am\3 487 3 g < _°
s e %0 T sy #5500 )

Of course these are good up to any added multiple of 27 but at that point it becomes redundant.

Let's think about this more generally an nth root of a number is any number such that when we take it to the nth power we

mber back. So for some complex number z, = rye'® we want some number z = re'® such that z" =

(rew)n =|ryeifo ’Let' see what this tells us.
S .
¢ 9o

. ¢

get the origj

L ne L &,
r'e t=(,€ —
o Vi + 2k
()" ne=e,+2km K

\
= (67 4 Thatis we wantné = 6, + 2kmrandr™ =y r= (/’!—1 - l

Why the 2kn? Well as long n8 is in the right place on the complex plane we will get the same answer from our
exponential. o = 570 L1k N
——————

m
If we solve this for 8 and r taking the ppsitive principal root of r we get

Thus the nth roots of z, = r,e'% is given by: z=1"rpe n k=012,..,n—-1
S —— - — .
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To see why we stop k at n-1 let's re-write our solution using rules for exponents.
e

n

e

z="%re

To illustrate this let's draw our cube roots of 1 using our formula to find them and see when we hit an

old root. In this case z, = 1 = 1e'® and n = 3 for third root so that our roots are given by *
- — A P (A & - )
i(0+2km) =0 e -
z=131e 3

)
c‘(o L}(/l)ﬂ')’
K= | e 3
\11'7
C
A

: (2Nl
z) fa(mi,l’i) '
U
(/)'66(5)

 (o+252)

I

K=Y ¢

¢ X ( 5
- [N ~
< - @szr)—)h s A020-)
Amazingly these are the vertices of a regular polygon inscribed in the unit circle with the first vertex starting at the
principal root of 1. In fact the same thing happens for the 4th roots, we get a square and so on.
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Example: Find the 4th roots of z = 16 + 16i

[6( 1+ c‘>

7,
2,7 k(e L H)
T

[ (Ar2 k)
2= Y5 € “
Ty
- Y léJ'l e //(—;CD

(% )

()
:"ﬁf €=
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Some definitions we will need. ~

N(L %)
An € neighborhood of a point z, is defined as N(¢) = {z: |z — z, @6}

S0 —

S‘(‘\ ‘*L“E

Sometimes we will talk about a deleted neighborhood where we exclude the center point.

We will also need the idea of an open set and a closed set.

An open set does not include boundary A closed set includes the boundary
points, for example Points, for example
- ;.l

‘ |z] < 1 ! \" : tl 2l <1 eg

It is also possible for a set to be neither open nor closed, If a set is closed it must have all of the
boundary points, if it is open it can contain none of them.

a [ (.
ENFNNIG

We will also use the idea of a connected set. A set is connected if we can find some polygonal line to
connect any two points in the set with that line remaining in that set.

Connected Not connected
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