Chapter 2 Analytic Functions, (on to the calculus!)

Functions and Mappings

We are all familiar with the idea that a function defined on a domain S is a rule that assigns each member of the domain to some
member of another set called the range. For the case of complex numbers the idea is the same. A function f(z) assigns to the

complex number z some other complex value w. Thatisw = f(z). —
7 ——g - ——
We know that we can represent a complex number z using two real numbers and the imaginary unit z = x + iy
—_—— =
co— e ————

It turns out that we can do the same thing for a complex valued function. Letw =u+ivandz =x + iy

Thenw = f(2) becomes [E#(fﬂ) £ C2Y = ule,v) 4 o(v (x,\/))

—

That is the result which comes from the function has both a real part and an imaginary part and the function itself depends on
both x and y this means that the real part u depends on x and y and so does v . This means we can always find a representation of

f (z2) = u(x,y) +iv(x,y)| Thatis, we ca separate f into a real and imaginary part.

As an example consider f(z) = z? Let's find the corresponding u(x, y) and v(x, y)

. \ 'l L] L} N
(x+iy)(X42y) = X+ XY+ CyX + (L\/)L
'L [
Ulxnz %=1t = X +ay -yt
vixvlz 2xy = xX=vyt x ((axy)
™ —
ul V(¥%y)

v)
We can also define functions of complex vafues that return only real numbers. For example f(z) = f(x + iw =x2+4+y%in
this case we have just set v(x,y) = 0 —

Stz = (2)

We also know that we can represent complex numbers in exponential form. So what about f(z) = z2?

(o . .
2= (- ~ ce\t 2 (26
Ce r

So¥f(z) = r2ei?? Note that we can put this into polar form too!
'S z-é
1 L '], - )
rc = r ( ces(290) +(,§,m(26)

- p R} N
Feosto) +({_§sme)
> ——

In general we can also always write| f (z) = u(r, 0) + iv(r, 8)las well.
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Chapter 2 Analytic Functions, (on to the calculus!)

Multi-Valued functions

Some functions return more than one value for a given number, while not functions we call them multi-valued

functions

. 2km
For example consider f(z) = 3/z = i/?el(ezJ“T) we know this gives us 3 values as an answer. If we wanted to make
this single-valued we could simply require that the answer be the principal real root just like we do with y = /x

when we are in the real number system.

What about the graph of a complex function? We know that with the real numbers we can often graph a function to
get a visual sense for how the function behaves. This is easy because the real numbers lie on a line and can be graphed
in a plane. Here however our independent variable lives in the plane and so does our result making it difficult to draw.

The best way to visually understand a complex function is with the idea of a map. We are taking values in the complex

plane to values in another complex plane and we can sometimes understand the function by looking at how it takes
one region of the plan to another. Let me just show you an example... /—

Suppose we have inl(_g) we can think of two planes, the orignal z plane and the resulting w plane
£2) 2 XN 4 i1xy
Let's play withaw = z? and see what it does to a square region of the plane. Let's take a square of side

length 2 for fun.

I N ‘
z-plane (14_‘) = l"l +2¢ w = z% w-plane

- >t
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Chapter 2 Analytic Functions, (on to the calculus!)

Let's look at in line bits

We have w = f(z) wherew = u(x,y) + iv(x,y) = x?2 —y? + i2xy . What happens to the line z = x + 1i

S

Gy "
X+ o 1 \ LY
(x+l] = A —Il~ +(2x0) = XEI H2X

- A
Sinceu = (x2 — 1) and v = 2x we have parametric equations which we could plot.  (J (-’(/ \/) =X ~ '

J—/ V(X)) = 2 x

U= fo’ (

V=2 X

LH:’ Vi g v= o

We can see that this is mapping lines to sideways parabolas! In fact here is a plot from a computer of our square region.

-0.5 1

z — plane 7\ - (-

w = z2 plane
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Chapter 2 Analytic Functions, (on to the calculus!)

Let’s see what happens to a different type of region, what if we take the a circle of radius r
defined by z = re'® = r(cos(8) + isin(6))?
Sm——

Then W=(T€i9)2 =! rzezw) f_ﬂcos(ZB) + isin(295)=rom this we can see that the radius
was squared and the period doubled.

Let's examine this in by looking at the part of the circle in the first quadrant and see what

happens to it.
W — U
4

z — plane w — plane

From this we can conclude that our map w = z2 takes the first quadrant to the upper half plane as r can
take on any value we wish.

What does w = z? do to the upper half plane? s it a single valued function? What happens happens to
the negative and positive real axes in the z plane?

Through this idea of a mapping, and what happens to a specific region we can get a sense of what these
complex functions are doing in a graphical sense.
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Chapter 2 Analytic Functions, (on to the calculus!)

Complex Limits

Now that we have a sense of a complex function it is natural to ask about limits of complex functions.

Definition: We say thaf for any € > 0 there is some § > 0 such tha
0 ——

whenever0 < |z—2zy| < § ;]\
——

7

1$e)- 4] <

/
%

-1 ¢ \/7

z —plane w = f(z) — plane
In words, we are saying that the point w = f(z) and be made arbitrairly close to wy, if we choose a point close enough to
e —

Zy but not z; itself. Thatis, | could give you any tiny epsilon neighborhood around wy and if you can find a §
“neighborhood around z, such that for any z value in that neighborhood the image is in the epsilon neighborhood in

h 1 . -
the w plane 83(%):_63

Let's do an example of an € — § proof that lirr} %Z = % the trick is to start wit I
Z—
until we end up with a multiple of |z — 1]. | f€2)- 4 2| £ €

m T % \ ‘ L lEned
P T (Fz L(x=)= nvy
.5

= |s-5)=| 2% =L =1 %,”L“z

e —
> —/] X=-cy —| ,((X’l')/é‘/l MCK/H—}—\/

B
l:z’” Ix +¢y -1 = I(X—ﬂ rey lz JLX’)7x4YL

= lz=tf ¢

/7_
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Chapter 2 Analytic Functions, (on to the calculus!)

72

Let's do a homework example, we will prove thatgl;lm —=0
J/‘M'h-o S~~~ 3, )/
| $2)—w,| —s——> [2-o| = [%( <
-hr\nP-
-17\ RY LN
¢ or £1V%"
z
- — _2 — .2 Y
(Lol = (2|l L
s 2 [ 2] 1 2| )Zf
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Chapter 2 Analytic Functions, (on to the calculus!)

These € — § proofs can get messy so we would like to have some limit theorems like we do in real

number calculus to make life easier. Lucky for us there are some!

Limit Theorems: A (M ()Cs/, v)
1»7?4}

f

Let f(2) =w+iv(x,y), z=x4+iy andzy = xg + iyy, Wy = Ugy + ivg.

—_—

Theorem 1
P

If  lim  u(x,y) =uyand lim  v(x,y) = vy then lim f(2) = w,
(x,y)=(x0.¥0) - (x,y)~(x0,¥0) - z-zo
Also,

If lim f(z) = wy Then ) lim u(x,y) = uyand lim v(x,y) =v,

Z=2Zg :__‘/ x,¥)~(x0,0) (,y)~(x0,¥0)
—

A0 y(x
Z27Z v /\/}

With this theorem it is easy to show when a limit does not exist. Let's do an example closely related to

your homework. Let's show that lim (E
z—>o 7

different directions Let's go along the real axis then along the imaginary axis.

—

250 € 230 ..y

_—
)(;\/6/0/0) > — L‘\/

—

) Doen not exist. The trick will be to approach from two

=0

Along Jhe horizontal

_/CL‘JV\ X ‘|"Z\©) Ao X _
X=> 0 X-’I;{U) - X0 X

/

S DONH

lim O +/\/\__/u‘wx Y .y

Voo o-/‘yw Voo —Y

This is the tricky thing about this theorem, in general it is not easy to show that a two variable limit like

im
(6 ¥y)-(x0,50)
limits disagree we can say the limit DNE!
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Chapter 2 Analytic Functions, (on to the calculus!)

Theorem 2 (very useful!)

Suppose that lim f(z) = wy and lim F(z) = W,
z—Z z—2Zg

Then the following are true, \),/

1. zh—gl (f(z) + F(z)) = Zli_glf(z) + le)r? F(z) =wy+ W,

D2 lim (f(F (D)) = lim f(2) lim F(2) = woW,

C(f@)\ _ Amf@ o,
> (F(z)) ClmF@) - W W, _‘# O
A 7~

We also get a couple limits for free to use.

e = ¢
Z—2Z ———
—

o —
Let's use these limits and our limits to find out whaand then limay + a;z + ayz? + azz3 + -+ a,z" are.
7 Z—2Zg
2, Zo 2.
T ' \ . \
L SN _ g 2.2.2.2 -2 _ & 2. 4 2.2
- ¢ —5
N 4 ‘.wy
. ~— £
« M
__../C"’"‘ { /{;M qz— 4 - -
T 2m0 0 222 &> %
. ° \ \‘/"\ "‘/\1 nm
2nz ° &>7  22% g%
‘I/ .L l/\ ch-): qo-’ﬁlz’}". ‘7-42"’

= G, v A2, 4 - ATy |20 P2 = P(=2y)
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Chapter 2 Analytic Functions, (on to the calculus!)

Continuity of a complex function. /g

You might recall the definition of a continuous function for
real valued functions.

I

f(x) is continuious at a point x; if and only if )

Al s (
1. lim f(x) exists 2. f(xg) exists 3. lim f(x) = f(xq) / X
X-X L~ XX 0

These conditions just say that a continuous function at x
attains it's limit at that point for It's y value.

The definition for a complex function f(z) is the same.

Definition:
f(2) is continuious at a point z, if and only if
/_\

1..211_{?0]( (2) exists 3 ':zll—»r?of (2)

As you might expect, since we can split complex functions into a real and imaginary part f(z) = u(x,y) + iv(x,y),
our function f will only be continuious at z, = x + iy, if and only if the component functionsu , v are continuious

*t Coo ). R -

This follows from Theorem 1 about limits!

One real benefit of this definition is that it makes taking the limit of a continuous function very easy,
after all by the definition if f(z) is continuous at z, then:

Jim @) = o)

———

This means we just plug in the point to our function and calculate the limit! So if we know a function is
continuous at a point we want a limit we can get it by evaluating the function. That said here are some
functions we know are continuous in the whole complex plane!

2L
frry= ¢ LLY= q9+4,2 +4,2 4006 27

C(2) = ST () $€2) = cos(2)
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Chapter 2 Analytic Functions, (on to the calculus!)
Since we love continuous functions it would be nice to know what combinations of continuous functions are continuous.

A sum of continuous functions is continuous

A composition of continuous functions continuous

A difference of continuous functions is continuous

A quotient of continuous functions is continuous wherever the denominator is non-zero
A composition of functions is continuous

A wWN e

Let's use this idea to find a limit.

UA
. z2+ /
Example: find lim t —.—)
/Z—>1+l Z+iz
r

@,.)" 4-(841

on +

I\

(6+0y #0000

—_—

e,

- o,

A useful theorem in complex analysis is that

If f(2) is continuious at z, and f(z,) # 0 Then there is some neighborhood around z, for which f(z) # 0 for all z in that

neighborhood.
>/7‘7

The proof is actually easy: {g) ? J,
Since f is continuous at z; the limit exists and thus satisfies the limit definition. That means we could choose € = lf(zi)l and we
know that there is some § > 0 such that when hen |f(z) — f(zp)| < € for all z in the delta disk. So if
there were a z value where f(z) = 0 in the delta disk it would give/the statement

_—

/ )—’S,(%a) J — [f(zo)‘ < |f(;o)|

Which is clearly not possible!

Another theorem that will come in handy is that

If f(z) is continuious at each point of a region closed and bounded region R then there exists an M > 0 such that

f@)| <M —_
f

This tells that if f is continuous in a close bounded region it does not blow up at any pont in that region. However,

the idea of infinity in the complex plain is a bit strange...
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Chapter 2 Analytic Functions, (on to the calculus!)

Infinite Limits in the complex plane

In the real number system infinity makes a bit more sense because we can order the numbers, however we don't have
ordering in the complex plane. We might think we could define infinity as infinitely far away from zero but to determine
that we would need to take the magnitude of our complex numbers, that gives us a real number. What we really want is
some way to talk about a complex infinite limit. It turns out there is a way to do this but it is a bit strange.

Here is how we add infinity to the complex plane, we call the combination the extended complex plane.

it)ﬂ&?

&/

£ Py

See | )/£77 (

Notice that P(0) is right above the orign. Consider a neighborhood around the orign of radius i and let epsilon
be small, thTrsZis big. If we think about the points outside the circle |z| > éby our map above these points will be
in a small neighborhood of P(0) . Thus as epsilon gets smaller and smaller i gets lzﬂ‘ﬂand l‘aEger and the
points for which |f(z)| > % have intersections with the sphere closer and closer to P(o0).

L™ —

With this idea we can prove the following theorems.

N —

1
2. limf(z) =wy, if limf (—) =w,
z—o0" z-0 VA

_ /5 if lim (<L) =
Llinf@ =@) 1 Jim (5) =0 -
D e e

—

—

3. limf(z) =00 if
Z—00
—_— -

Chapter 2 Page 13



Chapter 2 Analytic Functions, (on to the calculus!)

Proofs:

, N
L lim f(z) = if ZIL% (f(z)) 0

1
2. limf(z) =wy if limf (—) =w,
Z—0 z-0 VA

@)=z i (@) =2

l
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Let's do a Homework Example:

1. Show that when
_az+ b

—_— T(z) = o ad —bc # 0

that

—
— (a) lim., . 7T(2) =0 ifc=0. & | H 3
(b) lim. . T(z) = ¢, if c # 0. & TH N
¢) lim,  —aT(z :—-’ o, if ¢ £ 0 _

= ~

T L
czo  Tex)- 2L a4l oy
0 =) »}—aA - A o A% j
' b ‘ S
S T e EEe—
g(‘ Yy = 0\(]/%)%’5 U 5'(_”— ‘
’ — ) £ al) Fb
L i o = A _%,i'(/' — O/J-——
2> 0 Z@([/Q\ J”o) Z >0 0\+\)% A+ (0)
o —
_— —_— - O
=]
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