Chapter 3 Sec 35-40

Some of our Favorite Functions in the complex plane.

We have already looked at e# and log(z) and seen how they are a bit different in the complex plane.
Let's investigate some other functions we know from the real numbers in the same way.

L

2

The Power Function f(z) = z°¢ L1+ 2

Z

We define the power function for complex z, ¢ in the following way:

7€ = eclog(z) L09( -
S S — N
e =
2t
To see why this works let's take ¢ as an integer, something we have dealt with. /
. . ‘“’ c s .
Suppose z = e’ then z¢ = r°e®® and with the definition z¢ = e¢°9@ = (!°8@))" = (i) == rceic?
— = e e

The fact that this definition coincides when c is an integer or ¢ = s what motivates this definition of z¢ for any complex ¢
\)J ——

1 — e—clog(z) =zC

eclog(2) -
—_— _—
—_—

1
We can also say that = =
Z

This function is however multi-valued but we can make it single valued by choosing some branchcut a < 0 < a +

Forlog(z) = In(r) + i6. If we do this we then can look at the derivative. d e'?; <%—

Az
q d . clo 9&2) iy
—zf=—e log(z) Eeclog(z) e e L <l oge)
i — A ¢ 165(_2)

. . . | a _ k . . : —
You might think, wait, you said}——z¢ = ¢z~ iwell indeed it does, recall again that z = e1°8@ |et's plug = &
this into the result above and verify that they indeed are the same!

- —

C
Z = -
z

c < c—|
- = Z = C Z

We say that we take the Principal value( P.V.) of z¢ when we use Log(z) instead of log(z)
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The exponential function of base ¢

From our definition of the g&@pr function we can define the exponential function of base ¢ by simply switching z and c!

PowL

cZ = ezlog(c)
—

Let's take the derivative as before:
- — - e 8Wm8m w-,sm -

icz — iezlog(c) = log(c) ezlog( = log(c)(c?
dz dz
_’—/ '~/_'

Homework Example: ‘)/j- -
1. Compute the following (show work) ’
(a) (1+1d) 72
b) (—1)* ¢ cloal)
z = €
\ /+¢ ‘
q) G"L‘ ) l6G(Q= AT+ 6
¢ log ( I+ ¢) ) (o
= 6 L+ = ‘€ r=J %0t
\ Yy =Jr
C‘ ,Té \_r\'c’/lﬁ'e -
L /(99 (Uj-*e Q I /e

. B A ]
S al)) u(%ﬂnﬂ) Fan (+) =Ta (5]
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Rules for exponents

e  (lE]
25 - ¢ e

While we do have some familiar rules for exponents in the complex number system, namely:

1. z6z4 = zctd £
ZC
L ==z &—

2. 3

VA

3. )t =2z" &

1

4. <=z ¢ an integer.

—_—

Others won't for certain numbers.
2 by 2_6
/ ()/

letz; =1+1i,2z, = —1—1i Let's show by taking the principal values that (z;z,)" # z!z}
e

~“T¢e T

~ (3
2,2 2€

. _ i) (.
) ﬁ/‘/ ("7

(2,2) = (re pe f

-
A ¢ Mn(2)
Ze e__

( Z/L‘ 5;‘:@:’62%)‘@16 «

Ay .

3/ (37
c')@((j;.e‘ “ (:/09(\)'7_6‘( 7))
(T3 i) (Ll _1%%)
Bt
£

|

(bal) =Ty [ mlB) +7T
(= e £ £ e
L ) coml) -y 374
e . e ¢
S NE PO B A 7
e — — £
L) T/,
€ €

L A (2) s

e e
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The Trigonometric Functions

/——/\

We know that e** = cos(z) + isin(z) it turns out that we can use this to define the trig functions of a
complex variable, that is —_

lZ+e iz
/—%L cos(z) = j

If is a real number these formulas correspond exactly to the real versions of sine and cosine

: Cosl &) +¢ 5int<) -’(”’5()()".5;46‘))
. :7_ Sinl>)z _
Let's just check that le zZ=x 2,
(:)( — X — Caj(/") ‘\‘(,\5 rAa (’4)’(&’6) ""(\S)‘r\(y)
(oSt)=¢ +%# :
2 . 5 h()//
COS(%)‘)’LS,M({)A—ZOS(’X) -}LS)H(/Y)
‘ 4(056/)_.(,\5%(!) e3¢x)
_ coS(X) 4c T nl¥) _ - (OS(x/
-— - /\_/
2
Further since e is entire so are cos(z) and sin(z)! Let's find their derivatives using the definition
— —_— — _eiz+e—iz _ _eiz_e—iz
) cos(z) =7 sin(z) = T
- _ - ~ _—____‘-D
d d etae™ 4.7 00
— ‘78(% ) - —_— A ’f,ﬂl?
.

LR ) S L — L Z‘) ( ‘
-t —ie (e -e -
-~ ///

\
2 —c?) 2 Slalz) 5 CoSCR)
—(cc -4€ . Az .
— _—— — Qinlz ) A qanz) e
oy - 72
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We also get some of our favorite trig identities as well.

—>sin(z; + z,) = sin(z;) cos(z,) + cos(zl)siJLzl)_
— c0s(Z; F z,) = cos(z,) cos(z,) — sin(z,) sin(z,)

We can use these to show

T T
sin(2z) = 2 sin(z) cos(z), cos(2z) = cos? z — sin? z , sin (Z + E) = cos(z), sin (z — E) = —cos(2)

——  —

The Pythagorean identity holds as well

The functions also keep their 2 Periodicity as adding 2z amounts to multiplying by 1, Let's just
show that. 2 (T —(2
« -— e
Sinlz2) = -
A

J(z42T _ dcz42m)
€ _ L

\ A

2 ¢
d
2T
i3 e = | ]
é 2

\

. cosiAor)+c S Aan)
2-¢
el 2
S s stz
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One thing we have been doing is decomposing our complex functions into forms like f(z) = u(x,y) + iv(x, y). Naturally we
might ask, what is this decomposition for our trig functions. _ -

sin(z) = sin(x) cosh(y) + icos(x) sinh(y)
;—&

o —_—

= cos(z) = cos(x) cosh(y) + isin(x)sinh(y)
Sialz,42.) = Sia(€)cos( 2,) + Sinl2) (os(2)

Let's show this for sin(z) recall that cosgy) = ere”” ,sinh(y) = ey_ze_y and we will employ our
additive identity with z; = x z, = iy noting that sin(iy) = isinh(y) and cos(iy) = cosh(y)
e ———— l ~
\ K ~ — —_— : /c
e=x Ly =cY %(’7'21’)(4‘\( =X ¢ [
. (ey) < dlev) - v Y ‘y
_/ : — = /
/ - -
s 2 C 2

SALZAR) = Sia (X 40y) = Shaty) @30y ) + £oSCX) Stnlcy)

C"n( ?:) T S’\V\()(-) COSL\(\/) ;E (c§ix) ( (3;-4/3(‘/])

Sin (2) S Sialx) Coshly) 4 Lcoscx) S/‘mk@

VLYY c‘(V(sL)y))
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As a result of these formulas we can show one major difference between sine and cosine on the real line vs the complex
plane. On the real line we know that |sin(x)| 1<__1 and |cos(x)| <1 However in the complex plane this is not true...

in(z) = sin(x) cosh(y) + icos(x) sinh(y) (7\ %
T

cos(z) = cos(x) cosh(y) + isin(x)sinh(y)

ake the moduli and show this for sine at least.
kn T Sat dAown Fo Ao +his &
reof as  oppoxd 40 Il alg bvaic mess WY Aol Ak ‘10’/"“/
| @cosny)- s'nh(v)‘/

\
e Ploot £awe +o i o

We IUSt pneed +l Tdhenttres @cas (2) F51n6L) =

[sl‘nl%)/l: ) wlx) Coshly) + co5Tt2) STl (Y]
(0] b@

( L
= [4sahly)  z)-$m )

\ 1 \ R 2
[Saz)| = $ind) CIHsintiy)) + (1-5i%NSTARY) 2
. & v 2 .
= W) 4+ 5?»3%?{\/) 3 Sinh (y) =S (4 Tl ty)

C
= < Wly) + STnhi(y)

e /(0812)1 — (o8t Cosh(y)+ §m/¢)$mh{y/
R\ X"
| + _Smlf)l{y) )—(05 o

' 1 \ 1
’[oSz(x) ( 1+ s.ml/%(\/)) + ([.,(oS(x)) Stnhiy)
= oS’ (%) + oS (%)/W{/\/) J—SIM}\[(/ /(os(/y/)it. /g/}

= 03Y) —(—Sw\‘ﬂ?'(\/)

- Z\ |/

|cos(2)|? = cos?(x) + sinh?(y)

Chapter 3 Sec 35-40 Page 7



Chapter 3 Sec 35-40 Ll =0 el Xzt

As it turns out unlike the case of some functions, like x? + 1, extending the sine and cosine functions into the complex plane
does not change their zeros! In fact we have the following theorem.

Theorem: The zeros of sin(z) and cos( z) are the same in the complex plane as the zeros of sin(x) and
cos(x) on the real line. That is:

sin(z) = 0if and only if z = nm where n is an integer
-

And Xy = AMrkcd

cos(z) = 0ifand onlyif z = Z 4+ nmw wheren isan integer
—_— /2,_
It is easy to show this, let's do it for sin(z)

Recall |sin(z) |* = sin®(x) + sinh®(y) Let's suppose sin(z) = 0 and see what that tells us. L
f—/\

et

_\
Y ~ Y 4 only o

Suiz)zo e —¢
& /’_—/—2-_” When y=Z0
. T ~ ) T
’3)"\(.},1 : O = S)V\ (7") +Slml/\ (\/) _0
— = S —— e e _ "/
¢ 7‘» — - —/:o
n 21

=\ Y=o

2 —x4dy Fhat  Solves Srn(z)=0

mv 54 L ave Z#eve TITwm ?4\1/'6.

R &

Qinh (WD) Z O
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What about the other Trig functions? It turns out that they are define in the usual way .

Lok Iz %
- _ sin(z) _ cos(z)
= <O =G €0tZ) = @) <
Z,
€

€ xe 4

2 ‘ - sec(z) = E(;(?) 6 csc(z) = Sin) Y

2 -t
e <

- —

. ‘2 _c2
t(e‘ +e‘)

One can also show that they have the usual derivatives

—tan(z) = sec?(z) icot(z) = —csc?(z)
dz o dz

z__~ =

P sec(z) = sec(z) tan(z) P csc(z) = —csc(z) cot(2)

Homework Example

S/
4. Show that
(a) sinh(z 4 im) = —sinh(2)

T _ G 4w
¢ —& e
. . . — €
nh(2z] = € ¢  Snh(z+ )=
3 7
P "C/C L £ < (-—‘\ —€ -’l)
g _ S

2
Ly S

- - 6_)&"3 f/g'\mAL%)
2
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Hyperbolic Functions in the complex plane

The Hyperbolic trig functions retain their definition in the complex plane that is.

—_—

_ e?—e7? e?te?
sinh(z) = —— coz) = ——
T T2 2

N

Their derivatives are also the same

d B d o
Esmh(z) = cosh(2) P cosh(z) = sinh(z)
/

In contrast to the regular trig functions the zeros of the hyperbolic trig functions lie on the imaginary
axis instead of the real line.

Theorem: The zeros of sinh(z) and cosh(z) line in the complex plane lie on the imaginary axis and,
__’—_J

— X _X ¥ X
sinh(z) = 0 ifand only if z = nmi SVinh (XY= e-—- zoshixiI=€ 1€
S - ——
And > 2

S
cosh@) = Oifand only if z = (% + nn)i WITL =T
. — . . € &
Where n is an integer. $inh (~T ) = '/;/
LN . \ e N e ”{rt /V“T L‘
S/V\(‘Y): AR "\"\(y] §:/\ (hﬂ')‘_‘.[( —< /
2

You might be realizing how related trig and hyperbolic trig functions are, after they are all definable with
the exponential! Even their derivative structure is very similar.

d d
e tanh(z) = sec(2) = (coth(z))= — csch?(2)
@ 1
d d
—sech(z) = —sech(z) tanh(z) —csch(z) = —csch(z) coth(2)
dz dz
_/_\
_////—\

Where naturally,

sinh(z) 1 1 cosh(z)
tanh(z) = EE(_Z) , csch(z) = s_m?@' sech(z) = m, coth(z) = Sinh(2)
. - - —
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Inverses of trig and hyperbolic trig functions Joale” ) ’9{“) Al w

We know how useful arcsin(x), arccos(x), and arctan(x) can be in calculus and we would like the same kind of function here.
—_— —

Let's start with arcsin(z) if w = arcsin(z) then this must mea
— - o — _

iw e—lW

Thatis z = e——2‘—— Let's try and solve this for w..

— . . /j/_\

¢ f(,w ; (
- € (W — (W
Z: / - [e ) 2L ,,é — € €
N cW .
. 2t W ¢ =%t +dainr-yme
2cte Z € —

oW . ~
RS ¢ =t&+ Jj;-?:;_
W LW t‘h’ [o (e% B
(6 9—(«2{ — | ;O e = v J=red I ) = 2
e(w; Cz+Ji—2™
105(e‘")= bog( L2+ JT——/z")
(wz 109 (LT +J1-3t)> W= = loy(i'24/r)

a;[ lg ;")/(:% C:/'

)(q—_, 2(,‘.2- x— [ p)

1
Then arcsin(z) = —ilog [iz +(1- ZZ)E] . This function is very multivalued infact it has infinately many values for a given z!
. : iy Ul —( lo3 (1 £
To illustrate, let's look at arcsin(—i) = —ilog(1 + v/2) = /63 CieH+ (1 -4 7’) L} )
~
—t(leg (I

p =
With the plus sign, —llog(l + \/_) = —l(ln(l + \/_) + 2nm) and V\I(lth the minus sign —l(ln(l \/7) +m + 2nm)
< T— ———

(,‘007Q —\-ﬁ() :cllojlltz)

We can play the same quadratic solution game as above to find that :

1 . .
@os(z) = —ilog [z +i(1- 22)5] and arctan(z) = %lpg (i—z)

Jz - oS o
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The derivatives follow those for the real counterparts of the inverse trig functions that is.

: 1 d -1
—arcsin(z) = - - — = _
dz (2) Ny rE arccos(z) Negao

—— R

Our inverse hyperbolic functions are given by:

1 1
arcsinh(z) = log [z + (z% + 1)5] arccosh(z) = log[z + (z2—1)2]

Homework Example

5. Find all the values of

(a) tan—1(2i)
(b) tan *(1+ 1)
(¢) cosh (1) P L L+®
=
(d) tanh~"(0) fan (2) =77 los (7
- | . N
L) Tal Cisd) + = 4+
; Critn s 142
— (03 —— = — ld)(
- ¢ —C1+3%) 2~

_ e —l-2¢
_,L./oj(llc)

A 2l) +ar9(2)
L (on(121) +iar9(2))

1

d
_ t — .
arctan(z) 15,2

dz

1+z
11—z

1
arctanh(z) = Elog(

-

- [£ s - fereonir 14207 i
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Zl;ﬂ-(:) Z, = H’b \
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