Chapter 6 Sec 78, 80-83 More about Residues and Poles

The three types of isolated singular points.

Just a reminder

An isolated singular point is a point at which f(z) is not analytic and there is a deleted neighborhood

around that point where f(z) is analytic. —
—_—— T
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s e,
.
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The types..

1. Removable singular points: We know that around an isolated singular point we have a Laurent

Series for f(x) given by _
(o] oo b
f(z)zzan(z_zo)n-l'z—nz R < |z —2zy| < R,
(z—zy)" P
n=0 n=1 /

—_ - \
—_— . !

Where { )
1 f(2)

1 z =— | —————=dz n=1,.2, ...
n = _J@ dz n=012,.. " 2w ) (z — zp) L

If every b,, is zero so that
—_—

[00)

_ =
f@@) = E an(z—z)" = A, +4 (2-2,) +1,(2>,)+-.
= - =

J

lbﬂ \g -0 $(zo)

We call z; a a removable singularity. What we really mean by this is that we were able to assingn a value

of ay to f(z) at the point of singularity to make it analytic. Let's look at an example.
¥
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Example of a removable singularity not walyl /'/ 4
1—cosh(z) —/> =0 PRe)
[0 = et 2 <
’ = <

z2 z*

2, 42n
To help us along recall that the Taylor series for cosh(z) is given by: ~ cosh(z) = z W =1+ TR
n=0 ) ' '

Sy = éi( ([ —c¢oSh fz))
_ [ T Y 6
¢ 2! Ul -

v ¢ e
U A 2" 2
— —_— —_— =~ /‘ - — _ —_— = _—
{z 2! Y 6. 21 y,'}? {,’Zz
_ > 7 MUSE he Lagrmss
— ?’ ;,- ’z - .:g(%) & e , fcz)
4! 4{ Ty 2
So since the by, s all dissappear in the series we can redefine f(2) as
1 — cosh(z) ifz40
z2 1 o o
o) /) - =, ——0 "~
AT R

>, | r@= .
—3 ifz=20 Q!
— -\
7 - /7,

To make it analytic, thus removing the singularity!

Chapter 6 Sec 78,80-83 Page 2



XA +¢

Chapter 6 Sec 78,80-83 Page 3

X +Z A =-2 }k
)
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2. Essential Singularity: If f(z) is not analytic at zy and we have an infinite number of NON-ZERO
by, s in the laurant series for f(z) we call z, an essential singularity

[oe] [oe]

b
f(z)=2an(z—zo)n+z(z_zo)n Ry <|z—2zy| <R,
n=0 n=1
Where
1 f(2)
1 =— — =1,2,...
_ f(2) dz n=012, .. n T o c (z — o) "*1 dz n 1L,

a, = — P
2w ) (z — zp)™tt

So the singularity is essential if we have an infinite number of b,,'s in our Laurent series, Let's look at an

example:
V\DJ' g\v\f{"l/L
1 ~
f@=er 2=Y
JE—
o & 1z —o| <
This has an essential singularity at z = 0 let's see why:
(%))
2 Z 2"
- —
¢ - !
n=Z
S
\/ > \h l
2 (2 =5 —
{? - ——— - |
VV$‘> P‘! V\1;() ;Z ’\
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3. Pole of order m: If at some number m all of the b,,'s =0 for n > m in the laurant series for f(2)
F 4 S m— e

f(z)=2an(z—zo)n+2_bn R, <|z— 2z, <R,
(z = zo)"
n=0 n=1
Where
1 f(@)

1 = 2mi —~—dz n=12, ...
= ﬁf %dz n=012,.. "7 2mi . (z — zg) M zZn
G e —

Then we say that f(z) has a pole of order m at z,

Thatis b,, # 0 and b =b —
“m 7 m+1 m+i

That means out expansion might look like

=22
0 o0 n Q
f(z)=Zan(z—zo)”+Z(Z_b+)n= S au(z-2) + b 42 .
n=0 n=1 0 n= a QE"ZD\ (Z ’20\
+ b3 koo P Ms\/ O
(€-2,) (é’%o\
Example: ﬁ) =_z£—_z’) iiz__<1 ) Has a pole of order2atz =0

&'v 2 233 = -0
14
ﬁ;\, 71; no (/3 no /?_"/
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Residues at Poles

Theorem: Let z, be an isolated singular point of a function f(z) the following two statements are
equivlent. -
/

&

—= 1. z,isapole of order m
—> 2. f(2) can be written in the form

Yo
\.-—73 (Z_jo)m ’g("Z) m=12.

Where ¢(2) is analytic and nonzero at z,
a— — o

More over if statements 1,2 are true k < "M?\Q }g() /Q
Res,—, f(z) = $(z;) Whenm =1
e
m-1)(,
Res,—, f(z) = ¢ i ?) WhenLn =23,
— (m—1)!

Proof assume 1), Then we know f(2) has a laurant series expansion with the b,,’s stopping at some b,,.

———

>,
Sy - Z qm{Z’Zb\'A + _"’/l + "} + --- )""‘
n=o 2-2 (2% (-2—20)

—
Choose-iz) = {( meO) fvgz)en when Z——ijfoé’- If we write out the series for ¢(z) we get.;
S I
2 sl ’Z)/Zm,(%' )y + —— 4+ -
d2)= (-2 §e=)= (& D F oat e

,v\f\
_ Diﬂ qh@,%oym“‘_k b, (2 za) b by C2- %) = b, (};«qu
n=0 =27 (Z% }/1/5"
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(
b (2o

(Z2™

=2 ma L o =2
= S anlzo) o+ I b by (275
Nne=

—_—

4 _= 4 .
2 =273 (Z%/ (225

So

BC) = by + by (= 20) + by 2 = 20" ZZ’(Z — )™

T - / ) ’

Which is indeed analytic on the entire disk |z — z,| < R a)

S — N

If you divide this by (z — z,)™ we end up with the Laurent series for f(z)

AC(?«,) - =) =

-2
/

s
— (o Flm, 422 F 4 (22, M) + dn (T-%y)
o CIe (-2 z

—_—

b A b ¢ | _ F
- ___————“4’,' %9/4. . 4,.',,(2 o / i q,n(z-ld
(€-%) (224" — >
(Z-25) msd (&%)
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Assume 2 f(2) can be written in the form

D S@) has & pale of onfer M
(2) = 9@
f(2) = (Z—2z9)™ - oL &= ;0
Where ¢(z) is analytic and nonzero at z,
— — J

Since we know that ¢(z) is analytic it has a taylor series given by

RN O))
b=
n=0

When |z — z4| < Ry

Let's write out the first m terms of the sum and then divide by (z — zy)™ to look at the series for f(z)

nNn_o — —
(o) 4 Dl 2 2
P === (- %)‘#¢;%9(zéa3 L +i%—*kz/a9 +ZL9$Q?%9
(2-2) - 224 B
(2-2.) (€-2) (Z-2,)
H(&) 47\/ 2)) (2o) T 45 Tz N
—— 3L @ 12) 2(2-
(2-2,)" A =+ Z -2,) n >
/l y\_,M 70
m
40: /"ﬂ) (9 i qS(%d) b zo h > W
(,\A'l m n
m-1)
o & C)
So L> \ = _/
e Gk
_ (o) ¢'(20) (m (z) ¢n(zo) n-m
— > @ f() CETS AR TCEr N (m—l)'(z—ZO) Z = %)

%

So we see that f(z) has a pole of order m at z!

(2% 905
€= %,

(n-1)
$ (25

—

=17/
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Examples: Y\0+ antlvf '( AL %'/(: _ui -~ [—} E: Z -_ %
77 GL ¢ 2,,4—— l - o
The function f(z) = ZZ;:I-41 Can be written as f(z) = @ & Where ¢(2) is analytlc atz =1
. L .
Find ¢p(2) / L}{’
/ (r¢
U
qc( _ Rl ZA4Y = / Pl
2)z T —— - \ 2
2 Z fc
27+ (%%)(%—c)

N (z__(: 1
&%

(

fz-éS (B{)— L/—/{_L%

(H+ 2 ¢
Use our theorem to find the residue of f(z) below at_Z_ii RS, F(2) = ¢(m—{)(z )
The function f(z) = f::z)i - Ol2) =% (m—1)!
- A
(¢-<) S(n= 822
(2-2)
'3
dlz)y =z 222 (-] m=3
A)(%) - 3 AL\ L, L ’
Lr2)y- —_—— D)z 2 +2L<& g A ¢
-— ' l \
(2-¢) ole) 70O
£(2) has a Pole of ordt Y at 2=
é(w\-fl) Cp(‘?/l ) 2) Cﬁ ()= ZKA—Q?
zﬁc—s _}9 - /(,L - Cb CZC)) _ qu[%): 3-2,14.—‘7_.
= ( / _ l — )
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Zeros of Order m

We know that if a function f is analytic at a point z, then all of it's derivatives exist, Suppose that

f(z0) = f'(z0) = f"(20) = - f™ V(20) = 0and f™(z,) # 0

~— —_— _ — — —
We then call z; a zero of order m ‘9
- NESEL A I 2o of

Theorem: Let f be analytic at z, then the following statements are equivlent.

— -

, - (W FO
—> 1 f(z)hasazeroofordermatzo6 $iz,Nz0 'g(%b) o /Q%\ o % 10%

e
‘% 2. thereis afunction g, wich is analytic and nozero at z, such that
—_’——_—_‘ [E——

= D =-mgn

—— ——
) C—

Proof: 1 implies 2 To show that 1 implies 2 we can just write out the taylor series for f and realize that
all terms a,, forn < m are zero by the assumption of 1 and then just factor out (z —zp)™

Pizyz alv {fen + a)(2-2) +
(2,) —9(?-»7
Zl

P
__C(%) - 2 q’h(}’zo\ _ (‘2’20)

n- ¥

()
T \
N=m anedyti €

h= (A1)
(qm + qm.u(%/%o) +--- ) (\P‘VJ 25

Z‘a
g““ )k ) 2o

no M
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Theorem: Let f be analytic at z; then the following statements are equivlent.

1. f(2) has a zero of order m at z,,.

2. “there is a function g , wich is analytic and nozero at z; such that

f(2)=(z—20)"g(2)
e ———

2 implies 1

To prove 2 implies 1 we just need to write out the taylor series for g(z) multiply by (z — z,)™ and use
-

the fact that taylor series are unique.

2
a, + £ (2-3) Loy (221 > -

) 3
)= 9 (Z) + 3_(_'3_0) 22, + 9“6207 (z-%2,)

2N

012 (22, 9(3)

v 7(' m
@-2l g+ ? (-2

-
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Theorem: Given a function f and a point z,, suppose that
PR —

__— = a) fisanalyticat zp &
_—> b) f(zo) = 0but f(z)is not identically equal to zero in any neighbor hood of z,
ey

— ~

Then f(2) # 0 throughout some deleto}neighborhood 0<|z—zy| <eof zy

— —_— - —

PR SEE S

g > 7o
\

N

0)/—\ Tt iy ot 1eese

\ " Sanzoe ) / I 2 vav Sor whiyg

Curtp

Proof: f(zy) = 0 but the fact that f(2) is not identically zero means that not all of it's derivatives can be zero in some
%—- [{z) Is not identically zero means et e,

neighborhood of z, if so then the taylor series which is equal to f would be identically zero which would mean f was

atleass ( ANvasl,

f"(20) f(m)(zo) \
f(2) = f(z0) + f'(20)(z — 20) + o1 ~(z — 29)* ) z—2z)" + 'S nor
—
Vo -
Tl 2o atr o,
et 2,
So let m be the first non zero derivative then z, is a zero of order m this means that according to the
theorem we just prove - =
z) =(z—-20)"g(z
flz)=( 0)"g(2) S‘(za\fo S

A 10
+UN ey
For some g(z) where g(z) # 0 is some € neighborhood of z,, a theroem we had from long ago Consequently

this means that if we are not at z%then f(2) # 0inthe neighborhood of 0 < |z — zy| < € Qg i <
whee @) 40
n
%?);@/E‘Q 9(2) N gea
%, 37’2)10

=) 4’6
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Another Theorem :)

Theorem: Given a function f and a point z, suppose that

\

Fanri
_——5"1. fis analytic throughout a neighborhood N, of z, Lor E
2. z) = 0 at each point z of a domain D or line segment L containint z
———32. f(2) p g 0
- e

Then f(z) =0 in Ny that is, f(z) is identically equal to zero throughought N,

—

e

N X

/

Proof: Assume not, Then according to the previous theorem there is a deleted neighborhood around z, where f(z) # 0, Of
course this contradicts the the assumption that f(z) is zero throughought D This means it indeed need to be
identically zero in N,

\ SF0 N

o—" Frare 1

\ NS )eey 2

[ 2 wiee
/ ao—(-z)JO

\ Cbntva ﬂ'/\(’f/‘ﬂ;
~  _ =) Aeledeu

‘/ NE_ AVOU

& KO£O
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Zeros and Poles

There are some connections between zeros and poles of functions which we will explore below.

Theorem: Suppose that
/—A

—=q) two function p and q are analtic at a point z,

—>> b) p(zy) # 0 and q has a zero of order m at z, 2z [
Z - z-)

z
then the quuotient & has a pole of order m at z,

q(z)

Theorem: Let two function p and q be analytic at a point zy.1f p(zy) # 0,q(zy) =0 and q'(z,) # 0
- T -
—_—

(A

Then z, is a simple pole p—(z% and

S q(z
A

pG) _ po)
=0 q(2)  q'(20)

o

Res

J
Homework Example : Show that z = 0 is a simple pole of f(z) = csc(z) = Sinl(z) and that the residue at z; = 0 is 1.
s T
~~ ) =
Pee) o T
fyz — = = — Pcoyto VT
() 12(2)=Cn(=2) \

7 4(0)=0
Smeo)=2 L

il/%/); KOS(%)

v

@\(0); oS (o?’/( #0

=) €&r<o S a s/ Pole
(s P _ L - = \( (
220 gl  (64(0) [

Chapter 6 Sec 78,80-83 Page 14



