
Applications of Residues 

One of the best uses of Residues is to calculate contour integrals and one of the best uses of contour 
integrals is to calculate improper integrals in the real number system. 

Sometimes we have to deal with integrals with infinite bounds something like:

           
   

         
   

         
 

 

 

 

Or perhaps both bounds are infinite in which case

           
   

           
   

       
 

 

 

  

 

  

If the limits above converge we say that the integrals do as well. 

Another definition for improper integrals is what we call the Cauchy Principle Value of an integral. 

        
 

  

      
   

       
 

  

At first glance these may seem like the same thing but there can be some subtleties. 

Let's let       and evaluate     
 

  
  with both definitions to see what can happen.

Regular Calculus:         
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Principle Value:

     
 

  

      
   

    
 

  

So they can indeed be different However, if            
   

           
   

       
 

 

 

  

 

  
  converges the so does 

        
 

  
      

   
       
 

  
and they will have the same value.  This comes down to when we can actually say 

That the limit of a sum is the sum of the limits, that is true when both limits converge. 
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If     happens to be an even function unlike our       which was odd we get a few 
identities whcich can be helpful. 

If             on         then

        
 

 
         

  

   

 

   

        
 

 
       

  

   

  

 

  

Thus we can say:

               
  

 

 
 

 
         

  

   

 

   

 
 

 
         

  

   

Since they are equal if the limit of one of the sides exists both do, the ones on the left are principle values when we apply limits 

So if     is even then we will alwalys have the equality        
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With those preliminaries out of the way, let's see how we can apply some of our complex analysis to a  real valued infinite 
integral. 

Suppose we have a finite number of isolated points for some function     and consider the collowing 
contour.

From what we know about contour integrals we can say:                        

 

   

 

 

Further we can split the integral into two along the top and real axis                        
 

  

 

  

 

 

Note though that from   to R          since there is no imaginary part there for        So we 
can then say…
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So for a contour like this one we have that 

                       

 

   

        
 

  

 

  

Taking our infinite limits we can see 

   
   

           
   

               

 

   

    
   

       
 

  

 

  

So if     
   

       
 

  
  well then 

   
   

                 
 

  

                

 

   

 

  

Incidentally if  is even then the principal value is the same as that of the improper integral and we can 
just say that 

       
 

  

                

 

   

       
 

 

               

 

   

And
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Example:
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Application to Fourier Analysis

Often when analyzing a signal or solving a PDE Fourier transforms or integrals of the type

              
 

  

Tend to pop up all over the place. To this end we can use complex analysis to help us evaluate some of 
these integrals.  

We have to be a bit clever though if you recall from long ago 

                          

                          

So for out contour 

Where    
   

                   
   

                       
 
       

   
               
 

  

 

  

We will likely be unable to show that    
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And then just take the real or imaginary part depending on whether we are after 

The trick that we will use will be to instead integrate

                                    
 

  

  

  

 

  

              
 

  

              
 

  

or

This will work nicely since                        

So when we consider    
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Example:  Let      
 

       
        calculate               
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