Section 2.3 Acceleration and Velocity Models

We have studied some acceleration and velocity models already.....

dv dv " dv_30 1 ot
ac =~ 9 ac - 9T ar = 300 =)

Falling body Falling body with air A gas car acceleration as
resistance torque increases with engine
proportional to rpm.
velocity

Of course in general because the derivative of velocity is the acceleration we are talking about a general
class of models

Vo t
T =a(t,v,x..)

Really this is just Newton's second law F = ma

dv F
m— =

dt
Let's revisit the case of air resistance but a bit more generally. It turns out that for low speeds air resistance often
does go as kv, but for hither speeds it goes more like kv2. Incidentally being proportional to the square of the
velocity is an assumption made by Newtion in his orignal Principia book. The first real book of calculus.

If you recall the falling egg quiz problem when the air resistance was proportional to the velocity (F.= kv ) our ODE
had the form:

dv k dv h k
m—=-mg—kv - —=—-g—pv Wi =—

dt g a - I97°F S
The minus sign on the air resistance term was somewhat counterintuitive since we assume it will point in the
opposite direction of gravity. Upon closer examination though we realized that for a falling object the velocity itself
would be negative so we needed the minus sign to ensure the acceleration caused by the air resistance was indeed in
the positive direction.

However if the acceleration due to air resistance is pv? this is no longer a problem for dowanward motion as we will
square the velocity, so we would instead use a + .

dv 4 op?

_— = v

dt gTp

However if we are moving upward we would need a minus sign since then the air resistance would be acting int the
same direction as gravity.

dv

= —g—pp?
dt g—pv
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We can summarize this in a more general way for both upward and down word motion by writing:

dv

5= "9 privl

Let's solve the case of upward motion.

Let's solve the case of downward motion.
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Gravity is not the same everywhere. For most purposes the objects we throw around are close to the surface of the
Earth that g = —9.87—:- or —32 £SE works just fine, however if we get far enough the force of gravity exerted on us by
the earth is less.

According to Newton the force of gravity between two objects a distance r apart is described by:

Where G = 6.6726 x 1011

The distance r is measured from the center of the spheres in this case.

How much does a 80Kg person weigh on the top of mount Everest?

Mass of the earth 5.972 x 10724 kg
Radius of the Earth: 6.3781x1076 m
Height of Mount Everest 8,848.86 m

M=5.972E24 M =5.9720e+24
m=380; r=6.3798e+06
r=6.371E6+8848.86 G=6.6726e-11
G=6.6726E-11 F =783.22
F=G*M*m/r"2 Fsurf = 785.64

Fsurf=F=G*M*m/(6.37E6)"2
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Let's explore a relevant problem in modern times using this equation and what we have learned about DE's. As you may
know Elon Musk wants to go live on Mars and the space ship SpaceX is designing is meant to land vertically on the
Martian surface. It would be good to know when exactly the ships thrusters should be fired to provide for a soft touch
down on the surface! Let's see if we can help Elon out.

Let's suppose the ship is first in free fall, and since mars atmosphere is thin we r = ! Free Fall
will neglect air resistance, this would be totally valid on the moon. After falling

some distance the ship will ignite its thrusters to produce a constant

acceleration from the thrust T. From Newtons second law

d?r GMm d?r GMm
M T Mmae ="~
Free fall Rocket on.
Where m is the mass of the starship and M the mass of IE; Height to fire thrusters
Mars. Note we can divide by m to obtain. h
r — R distance
2
d?r _ GM fl_r =T_— M btetw;al?n thg th
=7 dt2 r2 starship an e
center.

Here we are interested in the velocity however, for a
soft touch down we want the velocity to be zero
(v = 0) when we make touchdown.

R radius of mars

The chain rule saves the day again!  d?r _dv _dvdr dv
Atz dt _dr dt  dr'

So now have new DE's in terms of v and a new independent variable r namely,
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So we have:
dv _ GM dv _ GM
v A v dr — r2
Solving gives:

If the starship had a velocity of v, at the top of the atmosphere a height H we cand find the constant
of integration as:

Then we know we want v = 0 when r = R we can use this as a condition to find the constant of integration for our
equation involving thrust.
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Finally we know that the velocity at the instant of ignition had to be the same for both solutions. If we set them
equal to each other we can solve for the distance r from the center of mars the rockets had to fire to ensure the
soft touchdown. Then the height above the ground is just r — R.

Maybe Elon should give us dome doge coin for the help!

Another interesting question one might ask using Newtons law of gravitation is that of the velocity needed to
escape the earth in general. We might consider any velocity needed to be an initial velocity that ensures the
solution to our DE is always positive, that it never reverses and falls back to the Earth.

Neglecting air resistance we have that

dv GM With an initial velocity v, at the surface of the Earth a distance R from the

V= ——

dr 12 center of the Earth.
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