Sec 3.1 Introduction: Second Order Linear Equations

The most general form of an n-th order differential equation with independent variable x and
unknown function y(x) can be written as:

P,y 20 =0

where F is a real valued function of n + 2 variables.

So for a second order differential equation the form is

{

F(x, v,y,y")=0

Really it is just that the highest derivative we see is the second derivative. Here though we will also
focus on second order linear equations.

—_

Recall that a linear function is one that satisfies the following conditions.

f(x) is a linear function in x if

flex) = cf (x)

fl+2x2) = fx1) + fx2)
~ v Ao Al

Just to see this definition lets show that f(x) =_2x is linear

fex)=c FX)

w

1.(cx) = € (2x)

$(x +%) = g-g&d*ﬁlfs—)
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Sec 3.1 Introduction: Second Order Linear Equations

For our second order linear equations they will have the form:

A()y" + B(x)y' + C(x)y = F(x)
= — A

To see how this is linear we can look at the left hand side and define

G(x,7,y,y) = A@)y" + B(x)y' + C(x)y
i — ?_\

And we can verify that G is linear in y,y’,y"' by checking that i

G(x,cy,cy’,ey") = cG(x,y,y",y")
- - e
G (v ytys (ty2), (+y:)") = Gty 1,91) + 6@,Y2, 75 ¥7)

C( x)c~/)cx/\)c_x/“) = AK) lcﬂ\\‘r GCXK(CY]\)'I'CU) (€Y)
< cAY Fc B8yl p cCen)Y)

c( Aty \(*)4' Ry + (VY )
W
¢ 6 (xy ')

—

AX) (\/\‘l’\/,_)\( -]"3(")(\/1"'\/:.) | A C C)() (\/l "'YL)
A(:)E,“\Hl‘) +800)(Y, wi\ Feo O+ Y,
A"+ BRI oV, + AT, 18RV, K Y,
\/_\/L/J -
L,
G( XM )\/') ‘/“ @(X l\/"-—\\/’— )\/‘ )

The main thing to note is that there are no powers of y, y' or y" other than 1. Also there are no
products of y and it's derivatives. \/ \/ i S~—
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Sec 3.1 Introduction: Second Order Linear Equations

One very important class of linear differential equations is that of the homogeneous one. A homogeneous
second order differential equation is one of the form

Vv y

A(x)y" +B(x)y'+C(x)y =0

Theorem: The superposition principle of linear homogeneous differential equations.

Let y;, v, be two solutions to the differential equation

—_—

A(x)y" +B(x)y' + C(x)y =0

Then y; = ¢;y; + ¢y, is also a solution.

/\

roor: \ \ —
T sy N, sl ALY B Y oy =0

=N A Y, +BOY, Ky D and Aty Y 1869 Y, 40 Y20
Check Y+
A (6N ) ('130)( C o, 46 Y +0(G Y, F )

_ A(X’)C\( ,),A(%)C ‘/ + B, —\—B(ﬂ(\/ + (0 ( AARICIA

= < CA(X) \{;‘,\»@(ﬂ)\{(lsrccﬂ 7/) + ¢, (A(%)\{:\A—QCXW,, K(*W;J
(M~ \— _—_—
AN —— R
~ 0O O
2 € (0)4G(2) =O VT ZY NV =Gy 3, Y,

SOVES Ll QE
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Sec 3.1 Introduction: Second Order Linear Equations

Theorem: Existence and uniqueness of solutions to linear DE's

vy b

Suppose that the functions p, g, and f are contiuious on the open interval I containing the point a.
Then given any two numbers by, b; the equation - —
it e

\Y!
— = y'+p@)y +q@y = f(x)

Has a unique solution on the entire interval / that satisfies the initial data
—

y@=by, y(@=b
—— —_—

For the form above we have divided by A(x) assuming it is never zero on our interval /

The key thing to note here is that we will need two pieces of initial data to get a particular solution. This is precisely
because the solutions to these second order equations will be a linear combination of two linearly independent
functions with two constants. Let's just see this in an example.

E le: Sh h =e* = xe* luti he diff ial i " =2y =
xample: Show t at\_y},e_( and yzf’x_e_ are solutions to the differential equation y vy +y=0

Then find a solution that satisfies y(0) = 3,y'(0) = 1 - —
_—;E

() - we*) +e” = e*- '.Le i—c oV
I\ )= je* 7&6)\

(xg") —20e*) +xe” (xe”)= le+

( xe") ’(C/f_ié)—-

A
= pR 1, %y x> St
e +e” ¥ X \} e _2

(c"z,c*-t xe') -2 ( ¢ ¥xe’) Fxe"
acexgt L gl 42L" =

Sy=c e rixe”
1° TRE

y(o)— Jioyz ( y/= Ce’ t CJL{ rxe)

g, (/H 0\’C€/"'C(J+?/

|z S 4G — (=31 G=-)

3’/C, _/"a
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Sec 3.1 Introduction: Second Order Linear Equations

What exactly do we mean when we say two functions are linearly independent.

Definition: Two functions f; and f, are linearly independent if neither can be written as a multiple
of the other.

(D)

Example: Show that f; (x) = cos(x) and f,(x) = sin(x) are linearly independent. Then show that
(’A 1(%) = (x + 2)% + 1 and f,(x) = 2x2 + 8x + 10 are linear dependent. What about f; (x) = sin(2x), ( 5)

f,(x) = SRS ®) ? .
Lets soppese K, EL o LD =S H=k5,

5ok S0 —conse? No PNE - fun)
%, coS(X) ‘ coS )

CZ) g{:(x—rz\?—}l /?)_: w
oL U

X(L"'le*b‘ 4.( ')_C)(q-'?l’l’{)""g')
Kreix +5 5 . XEAAT y
¢ = 2( %) M’L 55) 2
/ L —

@ Q,:S,‘Mu) $, = k) s )

Sra(2w) = 9 Gralx) cose) NS

S)l\ = o ( gz’)
.

Sec 3.1 Page 5



Sec 3.1 Introduction: Second Order Linear Equations

Why do we care if two functions that solve a second order linear homogeneous DE are linearly independent?

Well remember that 1f/y_1_ and Yz are solutions of the DE then so is wut if y;, y, are linearly
dependent then there is somé ‘constant such that y1 = cyz and our sum of solutions would then just be

-—“'N
, Yy AN
VEara@ =ty = o \(

—

That is our sum is actually just one solution. So if we are worrying about finding all of the solutions we only
want to add the linearly independent ones. It might be nice if we had a way to check if two functions were
linearly independent.

If y;, v, are solutions to the differential equation y"' + p(x)y + q(x)y = 0 on an interval I then the

Wronskian defined as, _/ —
B y 1)
}’1f }’2 , —_ -
W(y1y.) = y2| 1=y, ’ c A l - ad-44

Will bfor all points in I if y;, y, are linearly independent and will be equal to zero if they
are linearly §ffdependent. —

—

To see why the Wronskian will be zero when they are linearly dependent we only have to assume
this and calculate it. If y; and y, are linearly dependent then y; = cy,

1y Y"I _ \/ ,\[ \( but V= Cf, = YI C\{
Y \/» < -\
' \ O AIAL
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Theorem: The General Solution

with p, q continuious on the open inter.yal /. If Y is any solution to the differential equation
e — =y

above there exist numbers ¢, ¢, such that —_——
o -
Y(x) = 171 (%) + 27, (%) &
forallx € I. — —_—

To prove this we first show that we cand find ¢, ¢, such that fora € I
Y(a) = ciys(a) + c2y2(0) & re oE S \/ = C \{ +G Yo
S Y, Y Sl the @

I

Yxy=h, = C,Y‘ (@) +&tta) Y, (6\) S ‘“rﬁ l %T}
2 \ (q\ N'(a)

Yzl = € ta) 4620w

Wil have Soln T§ \/'f“‘ \"“") o [ Y™ ,vc«)\uo\)»‘/ra)y(u)
Y, (a) Ya) M) \|(“) i onsm p

Then we define the solution G (x) = ¢;y,(x) + ¢, ¥, (x) which we know is a solution because $Ante | \\ s LI
_—_—————

y,and y, are.
*0

Flnally we look at the initial data at x = a. Because of the constants we found G(a) Y(a) and
_,_—&-"
G'(a) = Y'(a). Since both G, Y are solutions on [ with the same initial data by our our existance and
P
uniquess theorem they must be the same function. Thus if we find any solution to the DE above it
must be that it can be written as a linear combination of two linearly independent functions.

ZV(x) By ™Y Th
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Sec 3.1 Introduction: Second Order Linear Equations

A special case of second order homogeneous linear differential equations is that of the one with constant
coefficients.

ay" +by" +cy=0

These equations pop up often and we have some nice ways to solve them! We will cover more of them in later
sections but for now we will look at one method called the characteristic equation.

Let's look at our equation and think about what kinds of solutions might make sense....

: PR
(ong e (AOLdtl) I consC Apvitse) + const (fochoy)

a( X TARA
A o =(<¢ — %X
Of; Arc ybhie ¥C€ =0
TR 2 K "X
_OLL@ ={ ¢ Ca\r”(ﬂor yr e ZO
AN =

~

— O
So e™ is the kind of solution we are looking for and we could find r using what we call the charateristic equation
ar? + br + ¢ = 0. Lets suppose 1y, r, are the two roots of the charaterisitc equation. What would the solution to
the DE be? How do we know there are not any other solutions? Y X
(
YEh 2 e )
,er"‘ (S « S % Fplvs 1 (0(/“ ot ¢
-
y' {\l ( ' s = veoo (
QA = O
y=e s @ (Al +baC)e
2~
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What if we have a repeated root r;? Well clearly e™* solves the DE from the same arguments as

before but we know there should be two linearly independent functions for the full solution.

YU G=0  artyurrc =0 Te 0”";‘00[:
X as A
Y:er‘x s o Son (ﬂf.b"’bﬁ*’(-)ﬂ =2
J S

N
e know ek 1S avorn2 \OIK
ois V,—,Xe{“ YL:X@ r,K
Vo P 4xhe [ X v X
\“;f&r‘x’\’ re *,)f r:/i
EEIPY AR SN

(\ux r : nx
a(ore rxie ") Fb(e s xne*) xR T
ﬂ-l—é}' — "\//‘

2
X[ ~% X —
X lar +br +C) e (ar +b) =
vﬁf) C\é/ ]

OA 2
-0 }T)&<ﬂ\f +h +C,) {-\

The characteristic equation for the differential equation

ay”" +by' +cy=0 q

is the polynomial —g’

|
ar?4+br+c=0

If this polynomial has two distinct real roots 7y, , the solution to the differential equation above is
y(x) = cie™* + c e

If it has a real repeated root r;, the solution is

[ y(x) = c;e™* + c,xe™* l
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Example: Find the general solution to the following DE y"" — 2y’ —3y =0

qy; ‘)‘b\/\’c\/: o r—’_—/’gx - )<
vlay -3y =0 vz e +Ge

azl bz-d ¢=-3

Chafadehshic G
a(’L Tbr _}_C = (0]

(“-ar-3=0
(=3)Cr+1)=0

S 63 0h=

Example: Find the general solution to the following DE y" + 4y’ + 4y = 0
ay' +by' fedf 29
N NETERY
AL A ‘/\
Chniaterishe 4™

g
(H ¥y =0
po o et
(0
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