
The most general form of an n-th order differential equation with independent variable  and 
unknown function     can be written as:

                    

where F is a real valued function of    variables. 

So for a second order differential equation the form is 

               

Really it is just that the highest derivative we see is the second derivative.  Here though we will also 
focus on second order linear equations. 

Recall that a linear function is one that satisfies the following conditions. 

    is a linear function in x if 

           

                    

Just to see this definition lets show that        is linear
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For our second order linear equations they will have the form:

                         

To see how this is linear we can look at the left hand side and define 

                                

And we can verify that  is linear in         by checking that

                               

                 
 
        

  
           

    
             

    
   

The main thing to note is that there are no powers of y, y' or y'' other than 1. Also there are no 
products of y and it's derivatives. 
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One very important class of linear differential equations is that of the homogeneous one. A homogeneous 
second order differential equation is one of the form 

                      

Theorem: The superposition principle of linear homogeneous differential equations. 

Let      be two solutions to the differential equation 

                      

Then             is also a solution.

Proof:
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Suppose that the functions          are contiuious on the open interval  containing the point  . 
Then given any two numbers      the equation 

                     

Has a unique solution on the entire interval  that satisfies the initial data

                 

Theorem: Existence and uniqueness of solutions to linear DE's

For the form above we have divided by     assuming it is never zero on our interval  

The key thing to note here is that we will need two pieces of initial data to get a particular solution. This is precisely 
because the solutions to these second order equations will be a linear combination of two linearly independent 
functions with two constants.  Let's just see this in an example.

Example: Show that      and       are solutions to the differential equation            

Then find a solution that satisfies                
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What exactly do we mean when we say two functions are linearly independent. 

Definition: Two functions   and   are linearly independent if neither can be written as a multiple 
of the other. 

Example: Show that              and              are linearly independent. Then show that 
               and                are linear dependent.  What about               , 
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Why do we care if two functions that solve a second order linear homogeneous DE are linearly independent?

Well remember that if   and   are solutions of the DE then so is          but if      are linearly 
dependent then there is some constant such that       and our sum of solutions would then just be

                      

That is our sum is actually just one solution.  So if we are worrying about finding all of the solutions we only 
want to add the linearly independent ones. It might be nice if we had a way to check if two functions were 
linearly independent. 

If      are solutions to the differential equation                  on an interval  then the 
Wronskian defined as,

          
    
      

      
    

     

Will be nonzero for all points in  if      are linearly independent and will be equal to zero if they 
are linearly independent. 

To see why the Wronskian will be zero when they are linearly dependent we only have to assume 
this and calculate it. If   and   are linearly dependent then       
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Let      be two linearly independent solutions of the homogeneous equation

                           
       

with    continuious on the open inter val  . If Y is any solution to the differential equation 
above there exist numbers      such that 

                    
for all     

Theorem: The General Solution 

To prove this we first show that we cand find      such that for    
                    

Then we define the solution                     which we know is a solution because 
        are. 

Finally we look at the initial data at    .  Because of the constants we found          and 
           . Since both    are solutions on I with the same initial data by our existance and 
uniquess theorem they must be the same function. Thus if we find any solution to the DE above it 
must be that it can be written as a linear combination of two linearly independent functions. 
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A special case of second order homogeneous linear differential equations is that of the one with constant 
coefficients. 

             

These equations pop up often and we have some nice ways to solve them! We will cover more of them in later 
sections but for now we will look at one method called the characteristic equation. 

Let'  l  k at  ur equat    a d th  k ab ut what k  d   f   lut     m ght make  e  e  

So    is the kind of solution we are looking for and we could find  using what we call the charateristic equation 
          .  Lets suppose      are the two roots of the charaterisitc equation. What would the solution to 
the DE be? How do we know there are not any other solutions?
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The characteristic equation for the differential equation 

             

is the polynomial 

          

If this polynomial has two distinct real roots      the solution to the differential equation above is 

        
       

   

If it has a real repeated root   , the solution is 

        
        

   

What if we have a repeated root      Well clearly     solves the DE from the same arguments as 
before but we know there should be two linearly independent functions for the full solution. 
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Example: Find the general solution to the following DE             

Example: Find the general solution to the following DE             
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