Sec 3.2 General Solutions of Linear Equations

We are finally ready to broaden our solution methods to a general class of differential equations, nt" order linear
differential equaitons.

An n'" order linear differential eqation has the form:

o
Po ()Y ™ + p; )y ™D + p, ()y @2 + -+ pr(x)y = F(x)
— — — — /

It is often convenient to write these in the form: pa@ H/

J

6/—%}/(71) + pl(x)y(n—l) + pz(x)y(n—z) + e pn(x)y = F(X)Z

—

Where under the assumption that p,(x) # 0 on the intervals we wish to find solutions on, we have divided both
sides by it.

An equation importantly tied to these linear differential equations is that of its homogeneous equation. This is

when F(x) =0 __>

y® +p; )y ™D + p,(0)y @D + -+ p,(x)y =0

- e

As it will turn out, when we solve a non-homogeneous linear differential equation we will also have to solve its
homogenous relative. Before we get into that we have the following theorem.

Theorem Principle of superposition for homogeneous equations.

Let y;,¥s, ..., yn be solutions of the homogeneous linear differential equation,
L Y™ p Oy 4,y D et p )y =0,

on the interyal I. If ¢, c5, ..., ¢, are constants then the linear combination
——

y=cygty,+ ot an

O — ——

is also a solution on the interval |
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Sec 3.2 General Solutions of Linear Equations

o5
Example: Show that y = ¢;e™3* + ¢, sin(2x) + c3#m(2x) is a solution to the thrid order linear differential equation:

N4 3y" + 4y’ +12y =0

Use your result to see that y; = e3*,y, = sin(2x),y; = cos(2x) are also individually solutions.
(— /—-

\
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Sec 3.2 General Solutions of Linear Equations

Theorem: Existence and Uniqueness for Linear Equations

~

v
Suppose that the functions py, p; ..., p, and f are continuous on the open interval I containing the
point a. Then given n numbers-bg, br—br—7 tiie n" order linear differenfiitm -\}(OL) s b
1

———

o Y,
YO 4P GOy (D bty =FG) C )
— - A <
y
Hasa UW on the entire interval I and that solution satisfies the n initial conditions
o

y(@) = bo, Y& b1, -,y (@) = by
- -—l —

Let's some initial data to our problem y3 + 3y" + 4y’ + 12y = 0 where¥= cie 3% + ¢, sin(2x) + c3cos(2x) was
a solution. Let's say y(0) = 0,y'(0) = 5,and y"'(0) = —39. What are the values of c;, c;, c3 that give let y solve the
initial value problem? —_— —

Y(o)=o

o= ¢’ +GSi(26) F3Lo2(0)

Oz d’(z('O)-}—Cg - C‘+63
Y’ = ‘3%84&-}' 26, €Og(2) ~ 3G §Hulax)
}"(07 = -3¢ 4% = -

- o<
y'z Yeic 3 s sy ~ qeyers (2

@) = 9c, ey = =37 _
_ 0 —
y 2
_—

- -3% 3]
Uc, -4 L‘*

_’-?c|/—9gc3:0 Z(L:’V(

+ G -Hey = -39 ?c,_:")—-; \[

Tt m e
~13Ce =-39 -'%Y:"SC ~2sm2yx) 436230 K\)
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Sec 3.2 General Solutions of Linear Equations

We saw and proved in Section 3.2 that for a second order homogeneous linear differential equation
the solution was always a linear combination of two linearly independent functions.

Theorem: The General Solution

Let ¥4, y, be two linearly independent solutions of the homogeneous equation
y'+p)y+qx)y =0,  y(a)=boy'(a) = b
//—

with p, g continuious on the open inter val I. If Y is any solution to the differential equation
above there exist numbers ¢y, ¢, such that

Y(x) = c1y1(x) + cy,(x)
forall x € I. —

Something extremely similar is true for nth order equations... In facta second order equation is
just a special case of an n*"* order one.

Theorem: General solutions of homogeneous equations.

Letyi,¥,, ..., ¥, be nlinearly independent solutions of the homogeneious equation
J—

y® 4+ p )y ™D 4+ p, )y ™D + -+ p(x)y = 0
—

on an open interval I where the p; are continuious. If Y is any solution whatsoever of the
differential equation above, then there exist numbers c;, ¢, ... ¢, such that

Y(X) = cy1 + o2 + -+ ey
——/

— ———

for all x in I.

Let's just think about what this says... Itis telling us that if we find all n linearly independent functions
that solve the differential equation we have found them all. This theorem allows to actually know when
we have fully solved the differential equation. ~—"
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Sec 3.2 General Solutions of Linear Equations

In section 3.1 we discussced when two functions f;, f, were linearly independent. That what when one was
. . ————— — el
not a multiple of the other, ie f; # kf,
—_—

To extend this to n functions fj, f5, ..., f,we can say they are linearly independent if none of them
can be written as a linear combination of the others. —

Tae ave N2 ¢ =%y Q¢
-
,Q(’_o-clff-, +6 5 + T, Sn-i
O —— -

Another way to say this is

The n functions f3, f5, ..., f, are linearly independent on an interval [ if the equation
— — J—

afitcfotcnfn=0

r'
S

Implies thatcy =c, =+ =¢c, =0
f—.

The n functions f3, f5, ..., f,, are linearly dependent on an interval I if the equation

afitcfotcnfn=0

'
[s true for some set of nonzero ¢y, ¢y, ..., ¢y,

——

Just like before we can check for linear independence using the Wronskian.

fi oo o
w=| ¥ f N I’

._1 1_1 . 1_1
[N pmn) e

But before we do that lets look at some examples to gain intuition for this definition
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W Y v
Example: Show that y; = (x + 2)?,y, = 2x? + &, y; = 8 are linearly dependent by directly
finding ¢4, ¢,, c3 # 0 such thatc;y; + ¢y, + c3y; = 0.
s

(" —~—
7
c ( ruxta) Lo (2B £, € =©

C Wod % (
”~
7 —) C, = ( 63/

o (F runAy) + (aHEX) F R

o @x P 4+ LXAIXEE O

Example: Show thaty; = 1,y, = x,y3 = x? by assuming ¢; (1) + ¢c,x + c3x? = O meansthatc; = ¢, =c3 =0

2 c 1t o +ox17" =0
—S ¢ +6X + GX = O !

= 1%;(7
I R——

—= O
CZV

C, 1 o)) =&
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Sec 3.2 General Solutions of Linear Equations

Suppose that y;, y,, - ¥, are n solutions of the homogeneious n‘* order linear equation
%\
Y™ +p1 )y + p(0)y ™D 4+ pa(x)y = 0

—
On an open interval I where p; are continuous. Then the Wronskian of y;, 5, ..., ¥, W is either zero
or nonzero on / and - —_— —_—
ornonzerb o2
| % Y2 Yn
. _ ooy e oy
(@) If yi, ¥ ..., Vq are linearly dependent then W = 0 on | Where W == | . : . .
(b) If y1,¥2, ..., ¥y are linearly independent then W = 0O on I -1 -1  _ (n-1)
- _— _o Y o Yn
\
Example: Show that y; = x,y, = xIn(x),y; = x2 are linearly independent on the interval (0, o)
———————
(
. 2
(¢ 3
LAl ) 2X Kt ) X
Koo Ve A
. X ]
T
X ax) X
+o
)4l 2x

K)

X
= X (20 +1) - ’%3 = Xmen— =

— 2X u\-\-/%/{—a.x%x) + X

= x ¢0 on- (0,00)
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Now we turn our attention back to the non-homogeneous equations
Y™ +p1 )y +pp )y 4 4 py (0)y = F(x)
For which we will also have to solve the associated homogeneous equation
Y™ + 1)y + pa ()y PP 4+ pu(0)y = 0
When solving the non-homogeneous equation. Let's see why. i /

Consider the non-homogeneous differential equation y' +4y =12x
L

We can see that y;, = 3x is a solution to this DE.
—m—

G ) T 0 4iax ¥ o(ax

[s is also true that y; = sin(2x),y, = cos(2x) are two linearly independent solutions to the

homogeneous cousin of the equation. y”}}yjﬁ\
] C
(\S)‘m (JLXY) A Y (S \/\PJC\\
—Y4 s +Y SIMOX) =0 \/

\
Ccoscaxy)  +U(cos (34)
—dCo5(ax) yY coS(2x) = O l/

Let's plugin Y = ¢; sin(2x) + ¢, cos(2x) + 3x and see what we get.

ik \l
( €,Sin (20 +Caco3(2x) + 3X )+ H(GSi(2m)+Go3() 43)
L ¢ 2 2
,.W),p(c,_@b(?vﬁ/-}-a + 14/(/2-«(/:47 AHC, ¢ 2X) +12X
ff‘ (L X
120x = (X , —

\/F‘/,3>< \/(,/,- Clﬁ\v\' (L%)“"(:_(OSCLX)
Col\L D |domogenecY s,

\/a—r\/f’
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If this equation is modeling something physical we had better make sure we actually have the full solution! We can
see how different just the particular solution from the full solution in the plot below.

10 Z&— 3(>_<§

e Sin(2x) HOS( ) + 3 X

Theorem: Solutions of Nonhomogeneous Equations.

Let y, be a particular solution of the nonhomogeneious Inear differential equation
——

y® 4+ )y ™D + p, ()y ™D + -+ pr(x)y = f(x)

On an open interval I where the p; and f are continuious. Let y;, y5, ..., 5, be linearly independent
solutions of the assiciated hom ous equation,

y® +p; )y ™D + p, ()y ™2 + -+ p,(x)y = 0.

If Y is any solution whatsoever of the non-homogeneous equation on I there exist ¢y, ¢3, ..., ¢, such

that
Y(x) =C1y1+02y2+"'+cnyn+ypk_ é_
f\_/\—_’\___——/
forallx € 1 Y
e
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. . 3
Example: Find the General Solution to y"' — 4y = 12 \IP = (
~4YR) = 2
YP’ 0
—_— * 7
e
" \{ 10 A N —
Vouyz o ay) by ey =
CE.
Azl h=O &=71 AL 4L+ =0
.
¢~y =0
L
(=4
SR TL
2 X — X
4
f?d‘( " 2.
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