Section 3.3 Homogeneous Equations With Constant
Coefficients

In this section we will study solution methods for nth order homogeneous linear differential equations with constant
coefficients. That is equations of the form

any™ + an_y™ D + o+ azy” +ary’ +agy =0
Where the a; 's are all constants.

From Section 3.2 we learned that n‘"* order homogeneous linear differential equations have n linearly
independent solutions.

Theorem: General solutions of homogeneous equations.
Lety;,ys, ..., yn be n linearly independent solutions of the homogeneious equation

y® +p; )y ™D + p,()y @D + -+ p(x)y = 0

on an open interval I where the p; are continuious. If Y is any solution whatsoever of the
differential equation above, then there exist numbers c;, c, ... ¢, such that

Y(x) =ciy1 + 2y, + -+ cpyn

forall x in I.

We will invoke this theorem to know when we have found all of the possible solutions to one of our n* order
equations as we develop solution methods.

You might recall from section 3.1 that we were able to solve second order equations like

ay” +by' +cy=0
Assuming a solution of the form y = e"* pluggin this into our differential equation to get

ar?e™ 4+ bre™ 4+ ce™ =0

Factoring out the e™ and dividing by it gave us the charaterstic equation we used to find solutions.

(ar?+br+c)e™ =0 »ar’+br+c=0
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We then solved that equation and were able to build solutions using its roots.

The characteristic equation for the differential equation
ay'" +by' +cy=0
is the polynomial
ar’ +br+c=0
If this polynomial has two distinct real roots r;, 7, the solution to the differential equation above is
y(x) = cie™* + cye’?*

If it has a real repeated root ry, the solution is

y(x) = cie™* + cyxe™*

Today we will play the same game. For an n" order equation we have
(n) (n-1) 4 ... " ! =0
apy*" +an—1y Tt ay tay +agy=

Again we see a mix of multiples of derivatives of our unknown function and itself all adding up to zero. Just as
before this might lead us to try a solution like

rXx

y=e
y' =re™
y// = et

y(3) — r3erx
n,rx

y™ = rne

Since derivatives of it are just multiples of it and if each derivative of the equation is multiplied by
the right constants we might get it all to add up to zero.

a,r"e™ + ap_r"le™ + -+ ayrie™ + ajre™ + age™ =0

To find values for r that might work we again factor out the e”* and divide it away
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(anr™ + a4t agri tagr +ag)e™ =0 a4 ayr" T+t apri +ar+a =0

So we again have what we call the characteristic equation, sometimes also called the auxiliary equation.
Ayt + an "+t ar? +a;r+ap =0

Note that for the unknown number r that this is just an nt* degree polynomial. For an equaiton like

this we have 3 possibilities of solutions for r.

1. n distinct roots in which case the characteristic equation factors as:

2.k < nrepeated roots and n — k distinct roots where k = m having all repeated roots. In which
case the characteristic equation factors as:

3. Some or all complex roots (r = a + bi) in which case the characteristic equation would factor
like:

The simplest case is that of n distinct roots 1y, 1, ..., 13, since each y; = e"* is a solution to the
differential equation since,

Since there are n of them and since if r; # r; y; = e"*, y; = e"/* will be linearly independent. Easy
to check with the wronskian...
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We then know that if we have n linearly independent solutions of our nt" order linear homogeneous equation
that the full solution is a linear combination of all of them. This gives us the following theorem:

For the n'" order linear homogeneous differential differential equation with constant coeffficients
given by:
any™ +an 1y + ot azy” + agy’ +agy =0

Which has characteristic equation

Ayt + an_ "+t ar? +a;r+ap =0
That has n distinct roots ry, 1, ... 1;, has the general solution,

Y(x) =cie™* +c,e™* + -+ ¢, e™m1* + ¢ e™*

Example: Find the general solution the differential equation y® 1+ 6y3 +7y" —6y' =8y =0

Our Characteristic equation is:

The hardest part of all this is factoring higher order polynomials. One trick to finding some roots comes from the
rational root theorem form Algebra.

If the polynomial a,, 7™ + a1 7™ 1 + -+ + ayr? + a;7 + ay = 0 has integer coefficients than any
rational roots of this equation will have the form +p/q where p is an integer factor of a, and g an
integer factor of a,,
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So we found that r = 1,7 = —1 are roots this means that (x + 1)(x — 1) are both factors of the polynomial

So if we want to simplify our polynomial with this knowledge we can divide by them! This is the same as dividing by
x% — 1. Polynomial long division here we go!

So we have therootsr; = 1,1, = —1,13 = —2,1, = —4 so our general solution is:
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Now let's deal with what happens with repeated roots. Since we know that we need n linearly independent
solutions to form the full general solution simply repeating e™ won't cut it.

To figure out what the general solution should look like consider again our basic equation:
any™ + an 1y + o+ agy” +ary’ + agy =0

Which could also be written as
a, D"y + ap,_ D" 'y + .-+ a,D?y+a;Dy +ayy =0

d d? dn
WhereD = — ,D? =—,.., D" = —
dx dx? dxn

If we divide by a,, and assume we appropriately change the other a’s for something nice we have
D'y +a,_ ;D" ly+-+a,D?y+a;Dy+agy=0
Note that in this form we can factor out y
(D™ + ap_ D™t + -+ ayD?+ a;D + ay)y =0
Then we can factor the differential operators!
D"+a, D"+ --+a,D?+a;D+ag=(D—1)(D—13) (D —1)
Or suppose it factors with a repeated root of multiplicity k with only one other root it might look like

Dn + an_an_l + A + azDZ + alD + aO = (D - Tl)(D - rz)k

Before we keep going let's just make this concrete with an example....
Show thaty” + 4y’ + 3y = D2y + 4Dy + 3y = (D + 3)(D + 1)y

Sec3.3 Page 6



Section 3.3 Homogeneous Equations With Constant
Coefficients

So if
D'y +a,_D" 'y + -+ a,D?y+a;Dy+ayy =0

Has characteristic equation 7™ + a,,_ 7™t + - + a7 + a, with roots ry, 15, ... 7;, it can be written as

(D - rl)(D - rz) (D - rn)y =0

Also suppose we have a repeated root p of multiplicity k< n then it could be written as

(D =1)(D ~12) (D~ 1k )(D =)y = 0

With this out of the way we can figure out what the general solution in the case of repeated roots looks like.

Let's suppose we have a repeated root p of our charaterstic equation with multiplicity k then our DE has the form

(D — rl)(D — rz) (D — rn_k)(D — p)ky = 0 not that if y is such that (D — p)ky = 0 that y would indeed be a
solution. So lets just look at

k
(D-p)y=0
We already know y = eP* is a solution but there need to be k — 1 more. Let's try to find another

one by assuming it has the form y = u(x)e?f*

What happened when we calculate (D — p)u(x)e*?

So of we apply this k times (D — p)ku(x)epx we would just get....
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So (D — p)u(x)eP* = eP*[D*u(x)] this will be zero as long as D¥u(x) = 0 This will happen exactly when u(x) isa
polynomial of degree k — 1! That is

u(x) =1 +x+x2+x3+-+xk1

What's more is that the set of functions {1, x, x?, ..., xk_l} are linearly independent! This means we
now have the other k functions we need for the full solution.... Namely

y, = eP*,y, = xeP*,y; = x3ePX, ..y, = xk"1eP¥

This gives us the following theorem:

For the n*" order linear homogeneous differential differential equation with constant coeffficients
given by:

any™ + a1y + ot azy" + agy’ +agy =0

Which has characteristic equation

Ayt + an_ "+t ar?+ar+ag =0

That has n — k distinct roots and a root p with multiplicity k has the general solution,

Y(x) = cre™* + 6™  + o+ g €K + 141y €PF F O (e 2)x€PF F Cpo (ke X2ePT + o+ cpxhTler”

Example: Find the general solution to the DE y® + 3y” — 4y =0 Note: 73 +3r — 4 = (r — )(r + 2)?
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Now we are ready to deal with complex roots! Recall what a complex number is:

a + bi

i?=-1

(a1+b1i) + (a2+b2i) = (a1 + az) + (b1 + bz)l

(ag+bi)(ay+byi) = (a1a2 —bib, + (albz + azbl)i) (foilitif you like.)

With that memory jog lets now talk about the wonderful Euler formula!

e® = cos(x) + isin(x)

If you recall from calculus the taylor series expansions for e*, sin(x) , and cos(x) are:

x% x3 x* x°

X — —_ P J— JR— ces
e —1+x+2+3!+4!+5!+

_ X X
51n(x)—x—§T+a—F+

x? x* x°
COS(X):].—?-FZ—E-F

Let's plug in ix to e* and see what happens....
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So e = cos(x) + isin(x) Let's keep this in mind while we solve y” — 2y’ + 5y = 0 Let's solve the charateristic
equation

So we have two roots of the characteristic equationr; = 1 + 2i,r, = 1 — 2i recall that our
charaterstic equation was based on the assumption that y = e"* in this case what does our
solutions look like?

So our general solution when we have complex roots a + bi,a — biis y(x) = e®* ((cl +cy) cos(bx) + (¢ —
%ZEZ;SS?HQEPJT we have real initial data though for our previous problem through namely y(0) = 1,y'(0) = 1 what
e Cq,Cp 7

We have that

y=e* ((c1 +¢3) cos(2x) + (¢ — cz)isin(Zx))

and

y'=e* ((cl +¢;) cos(2x) + (¢ — ¢z)i sin(Zx)) + e* (—2(c1 +¢;)sin(2x) + 2(¢;, — cz)icos(Zx))

So our initial conditions give us two equations

1= Cq1 + Cy
1= (C1+C2) + zi(Cl - C2)

Lets find ¢4, ¢,
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1= (o5} + Cy
O = (C1+C2) + 2i(C1 - Cz)

So our particular solution would be y = e* (cos(Zx) — %sin(Zx))

What if we had just guessed the solution y = e*(k; cos(2x) + k, sin(2x)) and applied the same initial data?

We would have 1 =k; ,0 = ky + 2k,

So0 =1+ 2k,

Thenk, = —%

And we recover the same solution!

y =e* (cos(Zx) - %sin(Zx))

The point is that if we use real initial what multiplies our sines and cosines will end up real so we may as well
guess the solution

y(x) = e**(cq cos(bx) + ¢, sin(bx))
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This gives us the following theorem:

For the n*" order linear homogeneous differential differential equation with constant coeffficients
given by:

any™ + an 1y + ot azy” + agy’ +agy =0
Which has characteristic equation
Ayt + an "+t ar?+ar+ag =0
That k<n complex roots will have the general solution
Y (%) = Yrearroots + €% (cf cos(byx) + c3 sin(byx)) + -+ ... + e%¥(cf cos(brx) + c¥ sin(byx))

Where V,eqiroors Will follow the rules of the previous two theroems depending on having distinct real or
repeating roots.

Example Find the general solution to the differential equation

y& 4+ 6y® +10y® + 16y” + 69y' + 90y =0

Note r® + 6r* + 1073 + 1612 + 69r + 90 = (x + 2)(x + 3)?(x — (1 + 2i))(x — (1 — 20))
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What happens if our complex roots are repeated?

This repeated root theorem still applies.

For the n'" order linear homogeneous differential differential equation with constant coeffficients
given by:

any(n) + an—ly(n_l) + 4 azy” + a1}" +agy =0

Which has characteristic equation

Ayt + an "+t ar? +ar+ap =0

Thathas n — k other roots and a complex root p with multiplicity k has the general solution,

k-1

Y(x) = Votherroots T z xpea"(c][J cos(bx) + d, sin(bx))
p=1

Where Y, therroots follows the rules for those types of roots.

Example find the general solution to y® — 4x(® 4 14y" — 20y’ + 25 = 0

note:r* — 4r3 + 1412 — 20r + 25 = (x — (1 + 20))*(x — (1 — 20))’
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So in summary if you have a linear homogeneous differential equation with constant
coefficients you will solve the characteristic equation and based on the types of roots you
will build your solution.

DE:  apy™ +apyy™ ™+ +azy” +ay’ +apy =0

Characteristic Equation: a, 7"+ a,_;v" 1+ -+ a,r> + a;r +a, =0

Real distinct roots give parts of the general solution of the form,
yi = ce’

Real repeated roots of multiplicity k give parts of the general solution of the form,

— X — X — 2,px — k-1,px
Vi = cieP%, yip1 = cpaxePX, Y = iy x®eP, L Y- = Cir-pX© €’

Complex roots a + bi, a — bi with will come in complex conjugate pairs give parts of the general
solution of the form

yi = e**(c; cos(bx) + d; sin(bx))

Complex repeated roots with multiplicity k will give parts of the general solution of the form

Yy = eax(ci cos(bx) + d; sin(bx)) JVig1 = xe‘“‘(ci+1 cos(bx) +d; 4 sin(bx)),
Viss = xzea’c(ci+2 cos(bx) +d;,, sin(bx)), e Yit(k=1) = xk-1eax (ci+(k_1) cos(bx) + dit(k-1) sin(bx))

The full solution will be a linear combination of these pieces!
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