Section 3.5
Nonhomogeneous Equations and Undetermined

Coefficients

We have spent a lot of time studying homogeneous linear equations but now we will turn out attention to Non-
Homogeneous equations. That is linear differential equations of the form:

any™ + ap_ 1y + ot apy” + a1y’ + agy = f(x)

We saw in section 3.2 that the full solution to the non-homogeneous equation was actually a sum of
two solutions.

Y=Y+
Where y, is called the complementery solution and solves the homogeneous problem:
any™ + an_y™ D + o+ azy” +ary’ +agy =0
While y,, is called the particular solution and solves directly the nonhomogeneous proboblem
@y ™ + an 1y + o+ agy” + ary’ + agy = f(x)
To see why we need the complementary solution recall that linear in y gives us
Gy +2) = G(y1) + G(2)

Here G(y) = apy™ + ap_1y™ Y + -+ ayy” + a1y’ + agy

So then if y,. solves the homogeneous problem G(y) = 0 and y, solves the nonhomogeneous problem G(y) = f(x) then
Y =y, +yinto G(y) would give....
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In section 3.3 we studied the methods to solve the complementary solution y,

DE: @y + ap_1y™ + -+ ay” +ary’ +agy =0
Characteristic Equation:  a,m™ + ap_;7" 1+ -+ a,r? + a;r + a; = 0

Real distinct roots give parts of the general solution of the form,

— Tix
Yi =c¢ie't

Real repeated roots of multiplicity k give parts of the general solution of the form,

— X — X — 2 X — k—1 X
Vi = cieP*,yip1 = cip1xeP*, Y1 = ciypxe’ s Vid(k-1) = Civ(k-1)X e

Complex roots a + bi, a — bi with will come in complex conjugate pairs give parts of the general
solution of the form -

Yy, = eax(ci cos(bx) + d; sin(bx))

Complex repeated roots with multiplicity k will give parts of the general solution of the form

yi = e®*(c; cos(bx) + d; sin(bx)), ;41 = xe®(ciy4 cos(bx) + dy44 sin(bx)),
Yivz = x2€%¥(c;45 cos(bX) + dyy, SIN(DX)), oo, Yiw(e-1) = x* 1% (Ci+(k—1) cos(bx) + d;y k1) sin(bx))

The full solution will be a linear combination of these pieces!

Now we will learn how to find y,, for the non-homogeneous equataions. The method we will study
is typically called the Method of Undetermined Coefficients.

For a non-homogeneous equation a,y™ + a,_;y™ ™V + -+ a,y" + a1y" + agy = f(x)

The general strategy will be to look at the form of f(x) and guess a linear combination of functions
O = 191(x) + c292(x) + *-+) for which when derivatives are taken, multiplied by the coefficients
in the DE, and added up might produce f (x). We will find the coefficents of the linear combination
of guess functions so that our guess indeed does produce f(x) when it is plugged into the
differential equaiton.
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Let's start with an example. Find the solution to the differential equation
y'+2y +y=2x*+1

What function might make a good guess for y,?

Let's plug this into the differential equation and find the coefficients.

Also we can't forget to solve the complementary equation: y'' + 2y’ +y =0

Sec3.5Page 3



Section 3.5
Nonhomogeneous Equations and Undetermined
Coefficients

For nonhomogeneous equations
any™ + an 1y + o+ apy” + ary’ + agy = f(x)

Where f(x) = Apx™ + Ap,_1x™ 1 + --- + A, where some of the coefficients may be zero the guess
you want to make for your y,, is

Vp = Cpx™ + Cpgx™ 1+ 4+ G
(Provided none of the terms are duplicates of any part of the complementary solution)

You then find the C's by plugging y,, in to the differential equation equating both sides and matching coefficients.

Let's look at another example. Find the particular solution to the differential equation
3y" +y' — 2y = 2cos(x)
What might be a good guess for y,?

Let's find the undetermined coefficients.
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In general for nonhomogeneous equations
0y ™ + oy @y + ayy' + aey = ()

Where f(x) = A; cos(x) + B; sin(x) + A, cos(2x) + B, sin(2x) + --- where some of the coefficients
may be zero the guess you want to make for your y,, is

¥p = Cq cos(x) + C; sin(x) + C5 cos(2x) + Cy sin(2x) + -
(Provided none of the terms are duplicates of any part of the complementary solution)

You then find the C’s by plugging y,, in to the differential equation equating both sides and matching coefficients.

Another example: Find the particular solution to the differential equation:

y" + 16y = 3%

What might be a good choice for y,?

Let's find the undetermined coefficients.
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In general for nonhomogeneous equations
any™ + a1y + e+ agy” +ary’ + agy = f(x)

Where f(x) = A;e™* + A,e™* + --- where some of the coefficients may be zero the guess you want
to make for your y,, is

yp = Clerlx + Czerzx + A
(Provided none of the terms are duplicates of any part of the complementary solution)

You then find the C's by plugging y,, in to the differential equation equating both sides and matching coefficients.

y' — 4y = 2e?*

Based on the above what might we try?

What happens when we do?

Let's check the complementary solution, the one that solves y" — 4y = 0

Any guess as to what we might try to do to fix this?
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y" — 4y = 2e?*

Let's try y, = Axe?*

So what do we do when parts of our guesses for our particular solution end up also satisfying the
homogeneous equation?

Consider the differential equation: (D — 2)3y = e?* , what is the complementary solution?

Recall that (D — r)*u(x)e™ = e™[D*u(x)] before we chose polynomial terms of order k — 1 for u(x) so that k
derivatives of them would give us zero, which we want for the homogeneous solution. However now we want
something that won't go away for our parlticular solution. In this case we want something that will just go to a
constant. If we have k derivatives perhaps a power of x that will reduct to a constant after that. Like x*

Since if u(x) = x* then (D — r)*u(x)e™ = e™[D*u(x)] =e™[Dkx*] = e"™

So if our complementary solution is y, = c¢;e?* + c,xe?* + c3x?e?* and our particular solution also

needs a e?* what might we try?

What happens when we do?
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So what we do when we have a term in our guess that is in the complementary solution is
multiply it by the lowest power of x that we can so that it is nolonger a repeated term.

Suppose y, = c3cos(x) + ¢4 sin(x) + ¢4 cos(4x) + c5 sin(4x) + cgxcos(4x) + cyxsin(4x) is the
complementary solution to the differential equation:

G(y) = 4 cos(x) + 2sin(2x)

What guess would we make for our particular solution?

So let's summarize the types of guesses we might make for different f(x)'s

f)

Yp (%)

By (x) = by + byx + byx? + -+ + bpx™

x5(Ag + A1x + Ayx? + - + Apx™)

acos(kx) + bsin(kx)

x5(Acos(kx) + Bsin(kx))

e™ (acos(kx) + bsin(kx))

xserx(acos(kx) + bsin(kx))

(bo + byx + byx? + -+ + bpx™)e™

x5(Ag + Ayx + Agx? + - + Apx™)e™

(bo + byx + byx? + -+ + bpx™)(acos(kx) + bsin(kx))

x5[(Ag + Ayx + Agx® + -+ + Apx™) cos(kx)
+ (B + Byx + Byx? + -+ + Byx™) sin(kx)]

Where s is the smallest integer such that no term in the particular solution is an exact repeat of any

term in the complementary solution.

What do we do when multiple of these types of terms show up in a sum on the other? Well we sum

our guesses.
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Find the general form of the particular solution of :

Let's make use of our table.....

y®) 49y’ = cos(3x) + xsin(x) + x2e2*

So let's summarize the types of guesses we might make for different f(x)'s

f)

Yp(X)

Pn(x) = by + byx + byx? + -+ + byx"

x5(Ag + A1x + Ayx? + - + Apx™)

acos(kx) + bsin(kx)

x5(Acos(kx) + Bsin(kx))

e™ (acos(kx) + bsin(kx))

xSe™ (acos(kx) + bsin(kx))

(bo + byx + byx? + -+ + bpx™)e™

x5(Ag + Ayx + Agx? + - + Apx™)e™

(bo + byx + byx? + -+ + bpx™)(acos(kx) + bsin(kx))

x5[(Ag + Ayx + Agx® + -+ + Apx™) cos(kx)
+ (B + Byx + Byx? + -+ + Byx™) sin(kx)]

Where s is the smallest integer such that no term in the particular solution is an exact repeat of any

term in the complementary solution.

First find that complementary solution to check for possible repeats...
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Determine the appropriate form of the particular solution for the differential equation

(D —2)3(D? +9)y = x%e** + xsin(3x)

So let's summarize the types of guesses we might make for different f(x)’s

fx) Yp (%)

Pp(x) = bg + byx + byx? + ++- + byx™ x5(Ag + A1x + Apx? + - + A, x™)

acos(kx) + bsin(kx) xS(Acos(kx) + Bsin(kx))

e”‘(acos(kx) + bsin(kx)) xse”‘(acos(kx) + bsin(kx))

(bo + byx + byx? + -+ + bpx™)e™ x5(Ag + Ayx + Agx? + - + Apx™)e™

(bo + byx + byx? + - + bpx™)(acos(kx) + bsin(kx)) x5[(Ag + Ayx + Agx? + -+ + Apx™) cos(kx)
+ (By + Byx + Byx? + -+ + Byx™) sin(kx)|

Where s is the smallest integer such that no term in the particular solution is an exact repeat of any
term in the complementary solution.

Complementary solution check......
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Example: Solve the initial value problem

y" =3y"+2y =3e7* —10cos(3x),y(0) =1,y'(0) = 2
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Another method to finding particular solutions to differential equations is that of variation of parameters.

Let's consider the differential equation G(y) = y" + p(x)y’ + q(x)y = f(x) and suppose it has
complementary solution y, = ¢;y; + ¢,¥, . Armed with this let's derive a formula for the particular
solution y;,.

We will begin by assuming that the particular solution can be written involving the complementary
solution functions and has the form:

Yp = ur (0)y1 + u(x)y,

If we take the needed derivatives to plug into our differential equation we get.

One requirement we have on y,, is that G (y) = f(x) but here we have two unknown functions u, and u, so we

need more requirements to find them. Having nothing else we are free to seek the simplest solution we can. It
would be nice if in trying to find our unknown funcrtions we did not have to think about second derivatives so let
us impose the requirement that

Wy, +uzy, =0

Then our derivatives become

!

Yp =

"

Yp =
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Considering differential operator G(y) =y" + p(x)y' + q(x)y let's plugin y, = u; (x)y; + uz(x)y,

G(y) = vy + @)y +q()y,
G(yp) = wyt’ + uzyy +wyyt +up'y; + p() (uryg + uzy3) + q(0) (wrys + uzys)
Let's collect all of the terms with no derivatives of u
G(yp) = (i1 +uzyy +p(0) (ury1 + uay3) + g (urys + wy2)) +uiyq + uzy;
G(3p) = (wyl' +peO)(wy) + a0 (wayr)) + (w295 + P (uzy5) + 9 (w2y2) ) + Uiyt + 1,75

G(yp) = <u1 (71 + GO (1) + q(x)(yl))) + (uz (v +pCO(5) + q(x)(yz))) +uiyr +u'y;

Now recall that y;, y, solve the homogeneous problem y" + p(x)y’ + q(x)y = 050 G(yp) is
G(yp) = uiys +uz'y;
What we want of our particular solution is for G (yp) = f(x) so we can say we require that
wyr +uzy;’ = f(x)
We can combine this with the previous requirement that

Wy, +uzy, =0

To get two equations and two unknowns ( ther derivatives of u;, u,). Then if we solve for those
derivatives we simply integrate them to get u,, u, and then we build ¥, = u;y; + u,y,
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wy; +uzy, =0
wy; +uxy;’ = f(x)

Let's solve the system.
. . . . , Y1 Y2 ] u'[ 10
Written in matrix form this system is [ oy, [uz,] = [ £00

V1

Recall that if Ax = b then x = A~1b and for a two by two matrix 4 = [a bl g1 = ;[ d _b]
c d det(A) |—c a

So assuming we have a solution for all x we have

[ul’]=__i__[;vz’ _}’ZH 0 ]z 1 [—yzf(x)] Where W (y,,,) is the
W' vy =iy i’ o [[FO) W(yy,y2) | y1f () wronskian of yy,

Therefore
o = y2f (x) o = y1f (x)
1=~ 2= T N
W(Vb)’z) W()’p)’z)
So that Type equation here.
y1f (x)
" = yaf (%) dx Uy = mdx
1=~ 7 N 1, Y2
W(:Vll )’2)
Thus the particular solution y,, = y,u; + y,u, becomes
yof (x) yif )
Yp ==Y | ———=dx+y, | ———dx
P W(}’L}’z) W(YL)’Z)
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If the non-homogeneous equation y" + p(x)y’ + q(x)y = f(x) has complementary solution y, = ¢;y; + ¢, Y5,
then the particular soliution is given by

y2f (x) yif (x)
———dx + —d
! W(YL)’Z) rr g

Yo=Y W(S’LYZ)

Where W (y,, y) is the wronskian of the two linearly independent functions y;, y,

Right here we see how important the complementary solution is and why we can't just ignore it. It in fact
defines the particular solution.

We did this for second order equation for ease, but this certainly applies to higher order linear
nonhomogeneous equations.

For something like
@y ™ + apo 1y + o+ @y + ary’ +agy = f(x)
With complementary solution y, = ¢1y; + ¢y, + - + ¥

We would take the form of y,, to be y, = u;y; + uy, + - + u,y, and play the same game we did
with our second order equation and you would obtain

W, f(x) W, f (x) Wof (x)
Yo =W | 77/ dx+y —dx++y _nJ M7
P Wy ) T W, yn) "I Wy, )

Where W, W,, ... W, ..., W, are the determinants of the matrix we get when replacing the ith
column of the Wronskian by (0,0,0, ..., 1). Sometimes for higher order equations, it is just easier to
make our guesses!
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