Section 3.6 Forced Oscillations and Resonance

In section 3.4 we studied the spring-dashpot system: i
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Now that we have studied how to solve non-homogeneous systems we can broaden our horizons to systems that
also have some external forcing.

X
: J
f F = Fysin(wt)
c e

v

mx" +cx' + kx = F(t) <

T s xRt e

Essentially we imagine some external force acting on the mass attached to the spring on the dash pot. While F(t)
can be whatever we like, typically the most interesting cases for this external forcing are ones that are periodic

F(t) = Fysin(wt) @= Focos(wt)\g

Sec3.6 Page 1



Section 3.6 Forced Oscillations and Resonance

Undamped Forced Oscillations
For now let's consider a system with no dash pot to damp oscillations forced with a force of F = Fycos(wt)

mx'" + kx m

We already know that to solve this system we need to find the complementary solution of coming from the
homogeneous equation.
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ﬁx” +kx=0
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For which we end up with general solution x.(t) = c¢;cos (wo t) + cysin(wgt), where w, nd is called the
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natural frequency of oscillation. Let's just quickly see why that is againT™——
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Now let's assume that w # w, and find our particular solution. Our equation is mx" + kx = F, cos(wt)
what should we guess for x,,? _— /4—&\

Let's find the undetermined coefficients.

_—5)(',: /,\cos(gf*) 13’ (w)
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X, =W ASIMlwH) + w3 os(F)

x(’” < _ WrAcosiwe) — Wwr3Sin(wi)
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Section 3.6 Forced Oscillations and Resonance

So we have the full general solution as: Ae A

—— Fy/m
x(t) =c¢ cos(wot) +c, sin(wot) + —20/—2 cos(wt)

Which we know we can re-write as

F,
x(t) = C cos(wot — a) + —20/12 cos(w%
_—_~ W w

So that we can see that this is just a superposition of two cosine oscillations.

Let's suppose that x(0) = 0,x'(0) = 0 and find out constants interms of m, k, Fy, ®

—

—

Fo/m Fy/m
x(0) =¢ cos(oooO) +c sin(wOO) + 2—0/—2 cos(w0) =0->c¢; + —20/ > =0-fc; =
P
-
and
’ s O/m .
x'(t) = —wocq sm(wot) + wocy cos(wot) — w———sin(wt)
S0
ko
I _ . m ; — —
x'(0) = —wo¢; sin(w,0) + wyc, cos(wy0) — w———sin(w0) » woc; =0->c; =0
Thus:
Fo/m Fo/m
x(t) = ————cos(wyt) + ——— cos(wt
\_E_), w¢ — w? («ot) wi — w? (@0)
2 —
Or just

Fy/m
x(tz_—ag_—wg (cosgwt) — cos(wot))
—— C ot
Let'stakek =9,m = 1,F;, = 50, w = 5 and plot.
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For some fun with sliders: https: //www.desmos.com/calculator/vzsgk5mydp

what happens when w = w,?
_—
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Section 3.6 Forced Oscillations and Resonance

Before we dive into the case where w = w let's look at the case where they are close to eachother.
s

_ Fy/m \]/ w
(“/m x(t) = @ (cos_(_w_\ti) — cos(m’(_,h_t))

To help us analytikally understand the behavior of the system when the frequencies are close to
each other we usq the trig identity 2 sin(a) sin(b) = cos(a — b) — cos(a + b)

If we take a = = (wo w)and b == (wo + a)) the identity becomes...

’Zgnn(z(w ngn(i,(w,,w)e) cos (ECup-w )«1( i“ﬂ)ézcos((zf'ow”’/%*'g

= CoS(-WY) —cos(w,& ) = cosCdt) —OS(% )
4+

So that we now have

2F 1 1
x(t) = —/a)_ (cos(wt) — cos(wyt)) w(z)of/:zsinp(é—(_(-uof— w)t) sin (E (wo + w)t)

’Lg,‘
Note that when @, = w that |w — w| « 1 whichmeanssin ((wy — w)t) is a sin wave with a very

very slow period compared to that of gin { (wg + w )t ) . In this way we have a slowly changing
apmplitude in our solution,

A(t) 22F0/m sin <% (wo — a))t)

So we could look at our solution as

1
x(t) = A(t) sin <§ (wo + w)t)

Let's go play with our
solution again and let
W = Wq

30

20
https://www.desmos.

com/calculator/cw6f5
10 . ‘ Oeqgn
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Section 3.6 Forced Oscillations and Resonance

Let's look more closely at the case where w = w,. This drastically changes our solution as
now our previous guess for the particular solution x,, = Acos(wt) + Bsin(wt) would

~
havew = w, and then, |:7 cosl(w, “")

—Dxp = Acos(wot) + Bsin(wot),
would be a repeat of terms in the complementary solution

—2x:.(t) =¢; cos(ooot) + csin(wopt) .

So according to our rules for the method of undetermined coeficents we would multiply our guess
by the lowest power of ¢ needed to prevent the repeat. In this case just one power. So we take x,, to

be:

Xp = t(Acos(a)Ot) + Bsin(wot))

-~

Making our full general solution out to be:

x(t) =cq cos(wot) +c, sin((oot) + t(Acos(th) + Bsin(wot))

What will be the effect of this new term with multiple of t? Let's find our undetermined coefficients.
xp (1) =J_(;%é§dt¢) + Bsin(wot))é"
xp(t) = (Acos(a)ot) + Bsin(wot)):’t—(—woflsin(wot) + wOBcos(g)_t))
xy (t) = (—woAsin(th) + wOBcos(th)F- (—woAsin(th)% mOBcos(th))+t (—w%Acos(th) . m%Bsin(th))

Then mx"" + kx = Fycos(wyt) gives us the equation
_—

m ((—woAsin(a)ot) + a)OBcos(wot)) + (—wOAsin(a)ot) + woBcos(a)ot)) +t (—w%Acos(a)ot) - w%Bsin(wot))) +

k(t(Acos(a)ot) + Bsin(a)ot))) = Foﬁs(m\ot)
I ——

(2mwoB — tmwA + tkA) cos(wot) + (—2mwoA — tmw3B + tkB) sin(w,t) = Fycos(wyt)
N
§ B K
Now what is mwg =? m %) = ‘X') - K

So then we just have: ) S,‘u a&.é—
(2w, B = L KAFER Aoy € ) + (—2muph — L KEI2KT

2y Bcos ( Wot) —2MW, AS/n (W ¥) =T 3Lwye)

Which tells us that:

2mwB=F_ Bz [//o/w ” —2mweA = 0
- 2 W _

—

Andso X, = t—io—- sin(wgt)
P 2mow, 0
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Let's again take x(0) = x'(0) =0

x(0)=¢, =0

J ( I

x’(t)=—u)csif(:)ﬂt)+oocco wet) + Fo sinfw,t)
0€1 0 0C2 0 Ime, 0

x'(0) = wgc, =0
R —

SO

x(t) =t (211;1) sin(wot)>

o

\—\4

This is a case we call resonance. Here the forcing is
going at the same frequency as the natural frequency of
the spring, a lot like timing your swing pushes right to
go higher and higher!

If you want to play with some sliders head over to:

https://www.desmos.com/calculator/m23nnolvht

a

X = C1 COSf W +c,S w + ——Sl1
1 0 2 0 2 o

7

fl

Resonance can be useful in some cases, like making

lasers work but disastrous in others like the Tacoma w

bridge collapse.

The Tacoma narrows bridge motion.

https://www.youtube.com/watch?v=

3mclp9QmCGs

More on why it collapsed

https://www.youtube.com/watch?
v=mXTSnZgrfxM
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Section 3.6 Forced Oscillations and Resonance

Damped forced oscillators

Let's now put our dash pot back in and study equations like
—> mx" +cx' + kx = f(t)

We again know that we have to solve the complementary equation ..

L3
mx" +cx' +kx =0 m{ +<r+k =0 d
1z i p2 c‘___'z’rHM
For which we saw that we had 3 cases all for whichx(t) » 0ast >0 =~ 2M >m
—
N - 2 _am
Over damped c? > 4mk 1, = —— + —Cin—k,rz SR Gl
2 2m 2m 2m

Oy
(_L+_J—cz__gnk>t < c Jc—zmk)t
x(t) =c,e\ 2m 2m + cye
L —

N
T

Critically damped c? = 4mk,r; = —
S — 2m

—C —C —C ——

x(t) = c;ezm’ 4 cyteZm’ = eZm'(c, + cyt)
——— —————————————

T~
4

J

Y .

c Vamk—c? , c Vamk—c? ,

Underdampedcasec? <4kmr = ——+——i, = —————1|
1 2m 2 2m

—t —t

_- — 2m 2m
() Vamk — c? [ VAmk — c?
x(t) =e ;m 1 COS + ¢, sin 7y
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Section 3.6 Forced Oscillations and Resonance

So no matter what if we have damping in the equation mx"’ + cx + kx = f(t) the complementary solution
x. = 0 ast — oco. When a solution does this we call it a transient solution. However in our forced case we
will also have the particular equation which will dominate as time goes on and we will call it the steady
perodic solution. Let's find this for our problem

mx" + cx + kx = F,cos(wt)

All of the solutions to the homogeneous equation have exponentials on them so we know we have
no repeats with the usual guess from the method of undetermined coefficients.

x, = Acos(wt) + Bcos(wt)
—

If we plug this in to find our undetermined coefficients after collecting like terms and equating the
coefficients on both sides

x'"y = —w?Acos(wt) + w?Bcos(wt) x'p = —wAsin(wt) + a)Bcos(wf) x, = Acos(wt) + Bcos(wt)

f

mx'" + cx + kx = F,cos(wt)

B

We end up with the equations:

-

Which we can solve to find that

4= k — mw? B cwFy (Wt
T (k—mw?)? + (cw)?’ T (k—mw?)? + (cw)? sin(we)
And so
k — mw? cwF, _
xp(t) = cos(wt) + sin(wt)

(k —mw?)? + (cw)? (k —mw?)? + (cw)?

—)
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Section 3.6 Forced Oscillations and Resonance

So we end up with D= k — mw? (ot + cwF, ot )
¥t = (k — mw?)? + (cw)? costw (k — mw?)? + (cw)? sin(wt)

& 7Hmi X€)= K T A,

So we could have three possibilities depending on ¢, m, k _

N N 2
x(t) =c St T cpe\om cjr_:,nfy + k= mo cos(wt) + il sin(wt)
2 2 (e =mw2)2 &+ (rq))?

(k —mw?)? + (cw)

x(t) =me2—i€/+? (t?+ k= ma” cos(wt) + il sin(w?
— - rre (k — mw?)? + (cw)? (k — mw?)? + (cw)?

HHHHHHHHHH
AR

_ (%) [ <v4mk —c? _ <\/4mk —c? )] k —mw? cwF, _
x(t)=e c1 COS + ¢, sin T; + k= mwDZ 1 (ca)? cos(wt) + k= moDE 1 (ca)? sin(wt)
/ I \/_/

A€ | ~AS

0

Let's go look at what happens: https://www.desmos.com/calculator/mo32shcwyf
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Section 3.6 Forced Oscillations and Resonance

Other forcing functions.... There might be a case where we don’t just have a nice sin or cos

forcing term . Consider the equation

mx" + kx = cos3(wt)
Cec~—

For your particular solution you could use variation of parameters or in this case a nice trig identity

does the trick.

SQUARES

. 2 1—cos2u
sin u:T

2 1+ cos 2u
Cos" u = e

1- cos 2u
tanfu="—"—"-"—

S C\BES

sindu =

1+ cos 2u

4

3. . _ 3cosa+cos3u

cos™ u
4

tan®u =

3 sin u — sin 3u

3 sinu — sin 3u
3 cosu + cos 3u

FOURTHS

.4 3 —4 cos 2u+ cos 4u
sin" u = B o
3+ 4 cos 2Zu+ cos 4u

8
3— 4 cos 2u+ cos 4u

3+ 4 cos 2u+ cos 4u

cos*u =

costu =

FIFTHS

5 10sin u — 5 sin 3u + sin 5u

sin’u = e

S 10cosu+ 5 cos 3u + cos 5u
16

10sin u -5 sin 3u + sin 5u

COsS

tan5 un=—-
10cos u+ 5 cos 3u + cos 5u

Applying the power reduction formula for cos3(x) we get

3 1
mx" + kx = Zcos(a)t) +=cos(3wt) = CO‘.}( ‘-’J)

Now we would just make the guess

s T,

x, = Acos(wt) + Bsin(wt) + Ccos(3wt) + Dsin(3wt)
— —_——

Trig identities are your friends!
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