
In this section we will be introduced to the concept of a system of differential equations. Systems of 
differential equations describe how multiple variables evolve together and how they depend on one 
another. 

A first order system of differential equations has a form,

                  
    

      
    

                  
    

      
    

 

                  
    

      
    

Note that a first order system only involves up to the first derivative. 

Example:

We can also have second order systems and of course more. 
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One reason we focus on first order systems is that higher order systems can be transformed into 
first order systems, which as we will learn have nice solution methods. 

Consider the          equation

                           

To transform this into a first order system we define the new variables

          ,                   

Which gives us the system:

Let's do a more concrete example, we will transform                          into a system 
of equations. 

It is worth noting that we could have just solved the original equation above with what we have 
learned so far, but not every equation is linear like that above.  Nonlinear equations like,

            

Is difficult to solve but as a system of equations there are numerical methods that apply. 
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Let's transform one more for practice.

          
                   

Let’  look at a  example of a  y tem a d  ome tool  that help u  a alyze them. 

Suppose we have a particle floating on the surface of a pool with a position                   Suppose 

that we know the velocity of the particle is                    
 

 
   that is the   component of the velocity 

in two dimensions is       and the  component is    
 

 
  . Giving us a system of differential equations

Just like we used slope fields in previous sections to get a sense of what solutions to a given differential 
equation looks like we can look at the                when dealing with first order systems. 

The direction field of a first order system is a plot where we place a velocity vector defined by the 
system of equations at each point in space.
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Of course just as before we can use a computer to help us make these plots quickly and easily. 

You can get the code for directions fields here: 
https://octav.onl/okhes701

From <https://octave-online.net/bucket~HWSGzvpowZPrE2xLtY6Drp> 
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Let's take a look at this system and solve it ( the old way this time but we will learn how to solve 
systems soon)

      

   
 

 
   

Note that           so then        
 

 
    or        

What is our solution for   

How can we get   

Let's suppose               

What does this solution tell us?

We ca  al o ju t plot the parametr c equat o      the pla e 
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   co       
 

 
         

We can also make a movie if we like!
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Let's look at two other linear systems

    
       

and      
     .         

What do the direction fields look like?

What are their solutions?
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     .         

Let's make some plots and movies for 

Our general solution is   
 

  
  

                 suppose we have initial data               

Let's make some plots and movies!
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Some terminology and a theorem 

For a first order linear system of the form:

  
                                 

  
                                 

 
  

                                 

We say it is homogeneous if the functions           are all zero and that it is nonhomogeneous
if any of they are not zero. 

Existence and Uniqueness for Linear Systems

Suppose that the function              and the functions           are continuious on the open 
interval  containing the point  . Then, given the n numbers           the system 

  
                                 

  
                                 

 
  

                                 

has a unique solution on the entire interval  that satisfies the  initial conditions
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