Section 5.1 Matrices and Linear Systems

Matrices are mathematical objects and we can do fun things like add them and multiply them. The set of n-xa_
matricies itself makes up something called a non-communitave Ring, not a topic for this class but worth a
google if you are intrested. A Ring, in short, is an algebraic structure for which it's members satisify specific
properties.

So we know how to add vectors but how we add matrices? If A, B € R™™ , the set of n X m matrices.

W Jymn
4 g @dmng .
all a12 ot alm b11 b12 oo blm
¢ A= Ga1 G2z " G2m p=|b21 D22 - Dom
‘\{O@ 5 %1 Qnz * Apm bpi bnz v bag
Then “p
a1 +b11 aiz+ by 0 Ayt by
A+ B=|%1 + by1  az + bz v dam + bim
apg + bnl Ay + bnz o App T bnm

That is we add them component wise.

Example: Calculate A+B=

i 2l 3D
v orl 130
vy 1y Ll’rl‘a of 1% 6
'(97‘* a\ 4+ § oy

What about B + A?

Asn= Gy
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Section 5.1 Matrices and Linear Systems

Scalar Multiplication

Letc € R and A € R™ ™ be a scalar then

a1 Q12 - Qim €aq1 CAqz - CAyym
a a eoa ca ca «ca
CA:CA:Q :21 ?2 . Z:m = :21 :22 . .Zm
) - Ap1 Qn2 = Aum Can1 Capz - Capm
>
Example: Calculate

1 2 3

-1 0 2

2 7 4

0 8 1

Y @ 1

— | =l 4

39 (b

9 33> |

Theorem Let s and t be scalars and 4, B, C € R™*™ and 0,,,,, a matrix of zeros of size n X m then,

(a) A+B:Bi—A 4
(b)%(A + B) =54 + sB

) (s+t) A=sA+tA
(d)(A+B)+C=é:(B+C)
(e) (st)A = s(th)

(f) (A+0y) = A

C
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Section 5.1 Matrices and Linear Systems

Matrix Multiplication

v by¢ o gd 4 )
LetA =[d, d, - di] € R™*whred; € R"andB =[b, b by,] € R*¥™ and b; € R¥ then the matrix product
is defined by:

AB = [ﬁb1 Ab, - A__] M

= [(bllal + byydy + -+ bydy) + (br12Gy + bypdy + o+ bypdy) + -+ + (bymGy + bapdy + - + bkmak)]
—_— — N ———

[ J ayy ai, K QA aiy a, Ay as a, A\
a a a a a a a a a

=| bit| [ +bar| |+ b | 2| |+ bua| i [+ ba| |+t b | | |+ bum| o | bam | |+ Bem | o |

v

l Qan1 N Qan2 Ank an1 Qan2 Ank Qani an2 Ank J

Aol e/
bi1a11 + byiaq; + -+ brgaqgy biza11 + byaaq; + -+ brpaqy bimai1 + bymaiz + -+ bmaqi
bi1a31 + by1az5 + -+ + by agy bi2a51 + byza55 + -+ biador | | bim@a1 + bom@ap + o + b Qo
bi1an1 + by1an; + -+ brrany bi2an1 + byan; + -+ bryan bimn1 + bamAny + -+ + bimani

We can also state this in the following way if AB = C then

Cij = Qib1j + Gizbzj + Gizbzj + - + aucby; 27U A 7

Which is an n X m matrix /"_\’m\ jS?A

"WW(‘ 3X J\7\"{ S)LL‘

& Newm ) F
fevs Col —
Example: Calculate E?ﬂ-ig A B -

[?g'—/\ MenyoR) (N4 10+90)

~(2) ¥204) Q‘WZ) rlCl\/j'Z\(’!) f{)(;’)_(o)
7 A

VI 3D FIC -
sy /—& _3“]/4'“” Vst

|

One way to think about it is that the entry in the i*" row and j* column will come from the i** row of the left matrix
and the j* column of the right matrix.

whatsbow B g g f 3x2 M 1\ 8
(anE Ao A—\)M* swl ) I 5 -1 O 31\
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Section 5.1 Matrices and Linear Systems

In General AB # BA for matricies!

- ~——

Matrices of different sizes

octave:2> A=[1,2,3,4;5,6,7,8]

—

A = —_—

1 2 3 4
5 6 7 8

octave:3> B=[1 2; 3 4; 56; 78
B =

~N U W=
0o BN

octave:4> A*B
ans =

50 60
114 140
pRE e

octave:5> B*A
ans =

11 14 17 20
23 30 37 44
35 46 57 68
47 62 77

Matrices of the same size

octave:6> A=[1,2,3;4,5,6;7,8,9]

A= f\_,—/—_—-__—
1 2 3
4 5 6
7 8 9

octave:7> B=[9,8,7:;6,5,4;3,2,1]

5 - R S S

9 8 7

6 5 4

3 2 1

/
octave:8> A*B
ans = —

30 24 18
84 69 54
138 114 90

octave:9> B*A
ans =

90 114 138

54 69 84

18 24 30
(_\—/\

Notice here they were the same, but this
was not matrix multiplication. In Matlab
or Octave * and .* (dot times) are very
different. The .* operator multiplies
component wise a;1b,1 a1,b1, etc. In
factitis the Hadamard product we
mentioned when first talking about
vectors. If the matricies are of different
sides you cannot do the Hadamard
product.

octave:10> A.*B =—=—1—
ans = -7

9 16 21
24 25 24
21 16 9

octave:11> B.*A

ans = —
9 16 21
24 25 24
21 16 9
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Section 5.1 Matrices and Linear Systems

We stated in Theorem 3.11 that A + 0,,,, = A the zero matrix is often refered to as the additive identity
for matrix addition, one might wonder then, is there a mltiplicative identity for matrix multiplication?

The identity matrix: Let A € R2"then the identity matricies will be I,,, € R™*™ , I,, = R™™and will have
ones on the diagonal and zeros everywhere else. That is: —

\
1 0 0 HWM ™y
1= 1 0l purtherar, =1,4=4

NAIA K Al
If A € R™" isasquare matrixn = m,thenl = I, = I,, € R™" andwe cansay Al = [A = A

Example:

Multiply: W
1) 2 1 2|1 0
ﬁ[i 4' [3 4 [0 1
——
TDHEXIS) TN 1)) *@(f_/)] —
) .

oD+ 3([) A1) - 1LY

E\ LA& mX N (n X
g T 2
[ BE

—[\ %

— ll) /31,(

Ll § & g [

[ 2
Y
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Section 5.1 Matrices and Linear Systems

(@) ABO) = (B

(b) A(B+C) = AB + AC,
(c) @ +B)¢=AC + BC
(d) s(4B) = (SA)B A(sB)

Theorem Let s be a scalar and 4, B, C be matrices of appropriate sizes. Then

(e) ﬁl;_
(f)1A=4
Theorem Let 4, B, C be nonzero matrices then,
(a) In general AB + BA &~
(b)_/_lf = 0 does notimply thatA = 0 or B = 0.
(c) AC = BC does notimplythat A=BorC =0
/’_\
LAY 2 )c\L

1 2][-4 2 g { o
Example 13 ¢ j[ _2' _ﬁ @g 3 6

YOS () 4=
AL+ (2 - (>

Pl

ExampleLet 4= | 3 3 | p=|7' 2|, c=[] 2|Findapandne
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Section 5.1 Matrices and Linear Systems

The Transpose of a Matrix

The transpose of a matrix is easy, columns become rows and rows become rows become columns

The first column becomes the first row, the second column becomes the second row, the third column

becomes the third row and so on.

N\ = m KN
”C“;ﬂ

A 2
Notice the dlagonal stayed the same! Infact we are just moving a;; to a;; so on the diagonal a; = a;;

Theorem 3.15: Let A, B € R™*™ ¢ € R™*k and s scalar. Then

(@) (A+B) =AT + BT €
b)) (s =s4T &

S

Quiz problem: Prove (a)

ot L AT
(c) (40) —E’ﬁ’_ H=

Short Proof of (a) good enough for quiz credit as well

L4 MRB=C win ALa,T B=[eis] CACJe Lo+,

Tin Lok /‘T [<; ., 8=C6i53) CT‘[CT‘;:(,W The deimition
o +muSPos'J.on/ q - )L ,b =k Cu’ 2C;; = Aty

Siuce A7+B':Eq +[—, ] @JL+B)o] [C):} E:'--’}

T f
o (B Lot 2 AT

We prove this by (1) calculating A” + BT and (2) calculating (A + B)" and showing we get the same thing! Note tht we are fixing the
values of the components in A and B and just moving them, so after the transposition the subscripts no longer correspond to the position
in the matrix, rather the value itself. So if a;, was in row 3 col 2 in A and al; in row 2 col 3 in A” then al; = a5, which we put in the spot

of als. 1think the colors make things clear.

q“ ql‘l- .’ 'q‘“

A:
= At ‘\nz v s Ran
\ &oluwms
+0 row$S
7T % Ry - - - Ami M)

A= a. Aoz - A

/? qllv/\ qu\ - qml’\

P

— —_—
- -

. colomns
@ ‘(“'rbn qh.*b"- ' q,.,.’rbm 4o V‘OWS

\
)

AL Qb Adbu oo bt
q::.t q‘l«‘b « ¢ 0\‘;0 Bo b)_[ b,_", o o ! bLV\ _’___aA_‘-B_- qu"'bu O\,L%'bu,c . 'a),n“'bln

: « - q Yomn
ﬁ A +b-| "\n:.”’"‘ mn T
}

aytly a,, by, At B

5
’_‘ff\ *G =]A,, T C\n'l'k,,,_“- qm:ﬂ)"‘"

q.,.’fh.. q»«ﬂ')"—
— —~ -+ [lSame!~-

] Ayt Ay by A b

Add= °\z.nl+5u o‘n?'l’“" o Bantlan A‘? @{B}: 4,, rby, qnﬂ’u"‘ Qm:ﬂ"“"
/ ° . .
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Section 5.1 Matrices and Linear equations

The determinant of a matrix is a way to map all of the entries of a matrix to a single number. This single
number can be used to determine whether or not a square matrix is invertible or to give us a sense of how
much error we might see in a numerical calculation involving matrices.

We build up the definition of the determinant by first defining the easiest ones to calculate.

If A=[a;] € Risal X 1 matrixthen the det(4) = |A| = a;
~ o -

—

If A %is a 2 X 2 matrix then det(4) = |4| = ad — bc

If you recall the inverse of a 2 X 2 matrix was

=l [_dc M

and it was exactly when (ad — bc) = 0 that the matrix was not invertable. Infact:

An n X n matrix 4 is invertable if and only if det(4) # 0
X v y FQ/

a1 A2 443
IfA=|[aAz1 azz az3|thenthe determinantis given by,
asqy das a

det(4) = |A| = a1wﬁ' Cralg2 0yt A3l 0s7 — ArpQp3032 — Q12021030 — (130220348

Formulas for determinants of larger matrices can be written down, but they get increasingly messy.
On the next page we will learn a procedural way to calculate a determinant which relies on the
definitions for smaller matrices here.

Is the matrix A

[ (5)() +9-(é\(0) —V’S(L{)(o)_— 'CBXCG) +o +0

Sec5.1 Page 9



Section 5.1 The Determinant Function

Cofactor Definition for Reference

Let A be an n X n matrix the cofactor Cj;
a1 Az o A of ifthe ij* entry a;; is

A= : : B : Cl] = (—1)i+jdet IVTJ)’

An1 An2  ** Apm ‘Where Mj; is the submatrix formed by
omitting the entries in the i*" row and the
jt column of A D

—

Let 4 be the n X n matrix

Then the determinant of A is

det(A) = a11C11 + a12C12 + - alnC:U:l
——

A, (=3
+ o + -~ !
—_ w43 24
Ex Let A 1~ G~
_ +

Find det(X)

T ez ] o
- |

| (1a)-(06) ~ © 4+ (20~ F])

:/Z - — — g - /
In the calculation above it was nice that we had a 0 in the first row as it reduced the number of calculations.

Consider the matrix -+ — [ &
iz (I =1 I -0+0 < F
~_

There are a lot of zeros in that first column! Usihg the definition above we would have expanded
along the first row, however we can actually expand across any row or column.

Let A be an n X n matrix then

(a) det(A) = a;1C;y + a;,Cip + -+ + a;,C;, (Expansion across row i) &
(b) det(A) = a4;Cy + a,;Cy; + -+ + ay;C,; (Expansion across row j) =

(a) and (b)are called the cofactor expansions
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Section 5.1 Matrices and Linear Systems

Powers of a matrix
Just like we would say x multiplied by itself n times is written x™ we can do the same with a matrix
= AA--- A where A is multiplied by itself n times
_

Diagonal matrices are particularly nice for this operation.

all 0 0 A O a11 O 0 A 0 a11 O O 0 a{ll 0 0 0
0 azo 0 oo 0 0 (25 e 0 azo eee 0 0 a;lz 0 e 0
A"=1]0 0 assz 0 0 0 0 = 0 0 a513 eee 0
0 0 0 Anndl O 0 Ann 0 0 0 - aby,
1 0 O
Ex: Calculate A3 ifA=[0 2 0
0 0 3 A 0 g O
O 0 27

Another important form of matrices are Upper Triangular and Lower Triangular matrices.

A1 Az Q13 0 Qip a1 0 o - 0
0 axp azs - ax ay;y Az 0 - 0
0 0 a3z ** d3p %-\ azqy dazp; dadzz - 0
0 0 0 “ Qnn an1 Qn2 Qnpz = Qpp
Upper Triangular Lower Triangular
-N /—/—/__\

Note that an Upper triangular matrix corresponds to echelon form and a diagonal matrix is almost
in reduced row echelon form. We can also make the following statements.
S
3 (@) Upper and Lower Triangular matrices are called triangular
(b) A Diagonal matrix is both Upper Triangular and Lower Triangular &

(c) If A and B are both either Upper Triangular or Lower Triangular sois A+ B
,_% (d) Powers of triangular matricies are also triangular —_
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Section 5.1 Matrices and Linear Systems

We define the inverse matrix an n X n matrix 4 to be the matrix A~1 such that
/

—

14 -7 = -1
A== la<c | =20
2

J/ J > A 7 \(
Example: Let B = [_25 _31] Show B = 471 Q2 /7 '
AG=T ﬂ ZS [ ]

EETRBIY
- - [’J s B O

t434, 7

Use the fact that B = A~ to solve the system: x; + 3x, = 1 and 2x'+5x2=2 2_);)‘ 51;} -
X, 43%, = | S:’ 1{)(1 E 1
25,55V 2 o

>< b T
RE T2 fprzAb
Z_

—_—

/Kff T E:,iij <

B 5"“”“1 5
“{lfﬁ
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Section 5.1 Matrices and Linear Systems

Some nice formulas for nice matricies.

Ifa2 X 2 matrix4 = [a‘ b] in invertable then A~ = _1 |4 _b]
e d ad—bc —c @

e — )

P [d—b] [a b]_ I/[?cu; 0 ]_[1 0]—1
T wuw|_¢ aof lcd]TH9El 0 ad—be] |0 1] "7

From this formula, we can tell A would not have an inverse if ad — bc = 0, we can't divide by zero!

&
all 0 0 A 0 1/a11 0 « 0 0
0 a22 0 b O 0 1/a22 0 0

If a diagonal matrixA =| 0 0 azz - 0 |ininvertiblethen A~ = 0 0 1/azs - 0

=00 0 0 e, “lo o 0 7 v

-
a; 0 0 - 01[l/a;; O 0 - 0 ' ly
0 [25%Y) 0 oo 0 0 1/a22 0 e 0 (CO 3 O ‘ Y 6
0 0 a33 A 0 0 O 1/a33 0 ' o s '

0 0 0 - apll 0 0 0 - 1/ay,

ay11/a41 0 0 0 1 00 0
0 ayz/az, 0 0 010 0

= 0 ’—_0\ a33/a33 0 = 0 0 1 0
0 0 0 - am/aml lo 0 0 -« 1

Here we could see that if any of the a;;s are zero the diagonal matrix would not have an inverse.
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Section 5.1 Matrices and Linear Systems

Matrix valued functions.

We can also put functions into our matrices to get matrix valued functions!

A \
a;1(t) a2 () - agm(t)
A(t) = a21: (®) azz: ®) a2n:1(t)
an1 (t) QAn2 (t) t Qnm (t)

We can take derivatives too, if each function in the matrix is differentiable that is. The derivative of
our matrix valued function is defined as,

W o/
du®) ap® - dim®] V&

dAD) _|a'u(t) an@® - dam®|_ [19y
dt : : * . dt
. a,nl ®) a,nz @ - a’nm ®)

That is we just take the derivatives of each element of the matrix.

¢ oo ¥

€ t) sin(¢)

Example: Find the derivatives of x(t) = | t2" |and A(t) = [COSZ( In(t)
cos(t)

~ T

¢
> e \ =Sy <03 ¢¢)
X (Y= \ 2e A(f): Sink) /]
~Sin C£) o V.
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Section 5.1 Matrices and Linear Systems

We also get to keep some familiar properties of differentiation when it comes to matrices.

d \/ dA dB

—(A+B)=—+—
Sum rule dt dt - dt
LBy =2p 4 4%
Product rule dt"— dt- —dt__ éj
l >3
-\ d 56
7 9
Constant matrices d dA d dA
a=Cq FUO=7L

Now that we have derivatives we can start looking at our systems of linear equations differently.

J oy J NI
x1 = P11 ()X + P12()xp + -+ Prpxy + f1(0)
> %2 = P (0% + 0202 F = F Poin + f2(0)

x7,1 = Pn1 (t)xl + Pn2 (t)xz T+t PunXn T fn(t)

If we create a matrix P(t) = [p;;(t)] of the coefficients in the first order system above and a column

vectors f(t) = [£f;(®)], #(t) = [x;] we can write our system in the form

xy' p11(®) p12(®) - P O][*1 f1(®)

x?' _ p21'(t) Pzz.(t) P2n.(t) x:Z n fz_(t)
]l pin® p® — pm@llal o]
=

or

ge Y Yo
/_;—F = F_’E)x(t) +f(t)
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Section 5.1 Matrices and Linear Systems

If we create a matrix P(t) = [p;;(t)] of the coefficients in the first order system above and a column

vectors f (t) = [ fi (t)], %(t) = [x;] we can write our system in the form

xq' p11(®) p2(®) . P1a(®) ()
x| _ [P21(®)  Pp22(t) - pZn(t) +|2® dx(t) R .
A il I s = PWIO + )

Xn' Pni(t) Dpp2(t) - pnn(t) (1)
> % 3l x e

Con51der the syst sb
“’%‘ /faxl—él'xl_gxz of g* / ’
2x5 = 6x; — 7x, 7
%‘xt \ /3 X& €

ﬂ#cx A+ X =

1t
S
What w1ll\thls look like in matrix orm" X @
i

S Ay

A% I L( ~3 ])
ol €
, . S 3€2t R e—5t .
Let's verify that X; (¢t) = ZeZt] and X,(t) = [3e‘5t] are solution vectors to the system

\\

L —ﬂw

')A’-
2 e
2¢  2& Ce
[eez‘ /Q/(Se“)'u,’LC) L =
2¢€ - c 24
IRe e “e

¢ ot
z,cs)g - e
-5e&
—Sé 'fé ef -{e
=l b | ’, "—65*? féz: -7
[ £ 3C 6c¢ ,:.lc -I§C
-—/{C
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Section 5.1 Matrices and Linear Systems
o

Theorem: Let X1, X,, -**, X,, be n solutions of the homogeneous linear equation

dx(t)
- = PO
¢, are constants then the linear combination

on an open interval I. If ¢y, ¢5, ...
/

is also a solution.

"

We recall that before we also knew we had all of the solutions to an n*"* order homogeneous equation when we had
n linearly independent ones. Given the fact that we can transform an n*"* order equation to a system of n equations

we expect the same to be true here, indeed it is. Here we will have n solution vectors

The vectors ¥;, X5, - X, are linearly independent if

X+ Xy + -+ cpyX, =0

Theorem Wronskians of Solutions
X1, % ..., X, are n solutions of the homogeneous linear equation ¥’ = P(t)X on an
open interval I and that P(t) is continuious on I Let W be the determinant of the matrix formed

Suppose that x;, ¥
xn as columns, [‘.,‘em

taking the vecfors %y, %, .
W=]X X3 = Xyl
X, are linearly dependent on / then W=0 at each point ofl(-

Thenif Xy, % ...,
___—J

X, are linearly independenton [, W # 0 at each point of |

If X1,%, .., %
While this may seem different than the original wronskian we have used in the past for n*" order
equations as they involved derivatives of the n solutions, but recall that our linear systems of
1 ‘
. “, X

equations can come from transformed n*"* order equations
‘ x(n)=f(t,x,xl,xn %\ X1 =%, %3 =x,x3 =x", ..., % _x(n 2 X'% !
/
/_ﬁ ;l 1
R X~
) X aken as a
esentatioirof the wronskian.

So the components of a solution vector X;
column make up the same structure as our pr
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Section 5.1 Matrices and Linear Systems

Consider the system of equations

Ze3t zeSt
It has solution vectors X¥; = zef Xy = 0 , X3 = |—2e5t

W

4

2t (1e ne —+¢ &Q
€ ¢
$re5 (22N 7O | ¢ ¢

THEOREM 3 General Solutions of Homogeneous Systems

Let x, : 'xz, ..., X, be n linearly independent solutions of the homogeneous linear
equatlon x’ = P(7)x on an open interval 7, where P(7) is continuous. If x(7) is any
solution whatsoever of the equation x’ = P(7)x on 7, then there exist numbers ¢y,
C32, ..., Cn such that

X(1) = c1x1(t) + c2X2(1) + -+ + cuXp(l) (35)

forallzin 7.
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Section 5.1 Matrices and Linear Systems

Initial Value Problems and Elementary Row Operations
Consider the system of equations:

X1 = 3x1 — 2x, l ‘ l X1 x; . X1 )
x5 = —x; + 3%, — 2, Same as —2 X If we call |x,'| = = and |X2| = x(t)
X3 = =X + 3x3 X3 x3' X3
We have
ai 3 -2 0 _ _ _ _ R 23| 2et
Py —1 3 —=2|x(t) withsolution vectors (we will learn to find these) x; = [2et|, X, =| 0 |,X3 =|—2e5¢
0 -1 3 et —e3t e5t

So by our previous theorem the full solution is

2et 2e3t 2e>t
- - - -
X(t) = C1X1 + CrXp + C3X3 = (1 Zel’L + Cy 0 + C3 —235t
et _e3t eSt

Which could also be written in the form:

Ze 2et ||
—2e5t||C2| = X(t)C

e3t ||C3

Or also in the form
x1(t) = c;2et + ¢ 2et + c32et
x5 () = c12e" + ¢,0 + c3(—2€%)
x3(t) = cret + c(—e3) + cze5t

If we were given some initial data we could write this in the following forms.

x1(0)=0 0

x2(0) =2 or x(0) = (2

X3 (0) =6 6
So to find our constants solving either of the equivalent systems for ¢y, ¢, c3
x1(0) = ¢;2€% + ;20 + c32e° = 2e0 e 0
x2(0) = ¢;2€% + ¢,0 + c3(—2€°) = 2 %(0) = | 2e° —2e 2
x3(0) = c1e® + c,(—€e%) + 3% =6 e’ 6

2¢1+2¢c, +c3=0 2 2 |lc1 0
2¢1—2c3=2 2 21l =12
€G—C+c3=6 1 1 ||¢€3 6
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Section 5.1 Matrices and Linear Systems

You can solve these systems a number of ways, substitution with the equations, elimination with

the equations or matrices or inverses with the matrices.

2 2 2 |[C 0
2 0 =2]||=|2
1 -1 1]|¢ 6

Let's review how we do this with elimination with matrices.

The Augmented Matrix

Elimination can be tedious and so if we can reduce the monotony a bit we should. One way is stop writing each variable

every step. Instead we will use an array of numbers where the position of that number assigns it as a coefficient of a

specific variable or constant.

2C1+202+03:0 2 2 2 10
2c1—2c3=2 _— 2 0 —212
Cl_C2+C3:6 1 _1 1 6

With augmented matrices we perform elementary row operations
just like the elementary operation but on rows in our matrix
instead of on equations.

ai; Az Q1in | byq
dz1 dpp Qon | byq
Am1  Am2 Amn bml

Anatomy of an augmented matrix

1. Interchange any two rows.
2. Multiply any row by a nonzero constant.
3. Add a multiple of one equation to another.

Gaussian Elimination

2 2 210 Row operations to 1 1 1l o 5 Cq + Cy + 3 = 0 1 2

duced h ack to system _ Back solve _
2 0 -2z [flwedowedelr g 1 ol = et 23;9, —_1 ——> &= ) 3
1 -1 116 0 0 4|4 3 = C3 =

Typical Procedure:
1. If it makes the things easier interchange rows ( If a row has a 1 in first column make it the first row)
2. Use Row 1 to eliminate a,; - a1, (get all zeros below a,; in the first column)
3. Use Row 2 to eliminate a3 -+ a,, (ger all zeros below a,, in the second column)
4. Continue this approach working from left to right until you are in rref form.

Once we have the constants we have our solution!

2et 2e3t 2e5t 4e?% — 6e3t 4 25t
X(t) =2|2et{=3| 0 [+1[-2e5]|= 4et — 2e5¢
et —edt e5t 2et + 3e3t 4 5t
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Let's go through the procedure 2 2 2 o
2 0 =2/2
1 -1 1]6
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Computers can do elimination, however make sure you can too! Chances are an exam or quiz problem will require

hand calculations!

Use technology to find the solution to the system

Mathematica

A={{1,2,3,1},{4,5,6,2},{7,8,9,3}}
RowReduce[A]
MatrixForm[%]

To execute the code above hit shift+enter

Maple

with(linalg)
A:=matrix(3,4,[1,2,3,1,4,5,6,2,7,8,9,3])
rref(A)

Matlab or Octave (Octave is free!)

A=[1,2,3,1;4,5,6,2;7,8,9,3]

Rref(A)
>» A=[1,2,3,1:4,5,6,2;7,8,9,3]
A =
1 2 3 1
4 5 & 2
7 8 9 3
rref (A)
ans =
1.0000 0 =1.0000 -0.,3333
0 1.0000 2.0000 0.6667
4] 0 0 0
fxo> |

x1+2x2+3x3=1
4'x1+5x2+6X3 =2
7x1+8x2+9X3 =3

DUnmIed-1 * - Wolfram Mathematica 11.3
File Edit Inset Format Cell Graphics Evaluation Palettes Window Help

= A=1{{1,2,3,1}, {4,5,6, 2}, {7,8,9, 3}}
RowReduce[A]
MatrixForm([%]

%, 0,8 1Y, HA s, 6oy, (7,78:9,3

1 2
1,0, -1, »190,1,2,-),10,0,0,0

3 3
10 -1 -°
)
01 2 ?
‘99 o e

(B untitied (1) - [Server 1] - Maple 16 - [m] %

File Edit View Insert Format Table Drawing Plot Spreadsheet Tools Window Help

Frose o @ak = [ @

D ABSS Lol ¢ TPEIE -
MRavoritss | A8 TR o sy Eexa b@ s -
MapleCloud with( linalg) : -
blic A= matriv(3, 4, [1,2,3,1,4,5,6,2,7,8 9. 3])
amad .1 i 1231
4562 (1)
7893
rref(A)
1
10 -1 -3
N
012 @

You can install octave on your machine or take advantage of
https://octave-online.net/

octave:2> A=[1,2,3,1;4,5,6,2;7,8,9,3]
A =

1 2 3 1
4 5 6 2
7 8 9 3
octave:3> rref(A)
ans =

1.00000 0.00000 -1.00000 -0.33333
0.00000 1.00000 2.00000 0.66667
0.00000 0.00000 ©0.00000 ©.00000
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Non Homogeneous Solutions

Suppose we want to solve the nonhomogeneous case

i
a?—P(t)x-l'f(t)

Just like before we need to find a X, ¥, but this time each is a vector solution we find X, by solving

ax _ P(t)x
dt x
And ¥, by solving
df - d
zl? =P(t)x +f(t)

Then the full solution is again ¥(t) = ¥, + X,

Let's modify our previous problem to be:

xy' 3 -2 o0|[x] [-9t+13
x'[=]-1 3 =2||x2|+]| 7t-15
x3' 0 -1 3

X3 —6t+7

From what we have found before: 4e2 — 6e3t + 2e5¢]
)-C)c = 4‘€t - 265t
2et 4 3e3t + et |
3]
It turns out that ( we don't know how to find this yet though) ¥, = | 5 | It will be a quiz problem to
2t
verify this.... You can do so by pluging it in to the DE and showing that:

3 -2 o0][3t] [-9t+13]
=|-1 3 =2||5]|+]|7t-15
0 -1

3 1|2t —6t+ 7 |
Once verified we can say the full solution is.

N O W

4e? — 6e3t +2e5t — 9t + 13
X(t) =X +%, = 4et —2e5 + 7t — 15
2et + 3e3t + 5t 4+ 2¢
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