Section 5.2 The Eigen Value Method for Homogeneous
Systems

Let's take a look at the general form of n first order homogeneous differential equations with constant
coefficients and try to think about what a solution might look like for such a system.

“%xi = a11X1 + A12Xy + -+ A1nXn
2 xé = ay1X1 + AypXo + -+ AonXn

= X1 = Ap1Xq + ApaXy + o+ AppXn

In words we have that the first derivative of each unknown function x; is a sum of multiples of the
other unknown functions and itself. Before when we looked at the following differential equation

!

x' = kx
J————

We said that the solution is likely something like x = e*? because then x’ = ke*t = kx
.._——4 /-—

——

We can extend this idea to the system of n first order equation by also assuming that each unknown
function is likely an exponential. Perhaps each with a different coefficient in front of it.
e N |

At

For example if x; (t) = v;e?t and then x, = v,e?* and - x,, = v,,e** we could look at

[y —— — _ Y

x{ = a11X1 + A12Xy + -+ A1nXn

Which would become Mz alvle/}l+ azvzeit + -+ anvnezt
-

or Avy = aqvq + ayv, + - +a, v,

ey

SoifIcan find A, v4, ..., v, which make the above hold I would know that I have a solution for x4, x5, -:-, x,
and indeed we can since if I apply the same assumption to each of the other n equations I would end up
with

— 3 vy =aqvg; +ayv, + o ta, vy

— Av, = aqvy +azv, + o ta, vy

—5’17711 =a.v +avy + - +a, vy

A system of n equations with n unknowns ( vy, vy, ..., v,) provided we know A . If I do know lambda,
then I can solve to get a solution to the system of the form:

v ¢

X, vale’“]l

N X At
X1 = :2 zivsz’ |
= Ll o]
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Section 5.2 The Eigen Value Method for Homogeneous
Systems

X, it Theor.em: Let X1, X, -, X, be n solutions of the homogeneous linear system of
= equations
O _ pwie
a0

on an open interval L. If ¢y, ¢y, ... ¢, are constants then the linear combination
- ——
J_C')(t) = C15C)1 + Cziéz + -4 CnJ_C)n
is also a solution. —_—

Further recall our theorem from section 5.1 we know the full solution to the system of equations is actually a linear
combination of vectors of the form we have worked out, and we know there will be n linearly independent ones. This
suggests there may be other lambdas and other sets of equations to solve for each of the possible combinations of
possible x4, -++, x,, that also solve the sytem that can make up the rest of the solution vectors. So how do we find
them?

First let's put this system in to matrix form: J M
x{ =ai1XxX1 + aAq12Xy + -+ A1nXn x1' aiq aqo J[
xé = ady1Xq + Ay2Xp + .-+ AynXn x2, _ az1 az2 o 5(:)’ — A.?_C)
: _—> O I : g
) ’ ——
X1 = ApiXq + QuaXy + o+ AppXy o= an1  Qpz
—
<
Let's assume out solution vector is of the form vet )Lvle v et ~
At N\ Aty
j =["2€ Then X' = sz.e 2| V2€ A X
v, eht / Av,eht v, At
This means that
xq' a a - a x At i At
1 11 12 in 1 4 v,€ aiq aqp Ain X1 v,e
! cee cee
X'\ _ 1 G2z dan||X2 > |vett| _ 2 22 Gan [ (X2 | _ 5 vyelt
lxn’J A1 Anz  *° Guul [Xn A v, et Ap1i Anz Qunl %0 v, et
——

OrthatX’ = AX = A% —FF
- — /

AX = AX is what we call the eigen value problem!

N
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Section 5.2 The Eigen Value Method for Homogeneous
Systems

Dy »f//d,

AX = AX eigen value problem

The general eigen value problem comes up everywhere in mathematics but here it means that the
action of the matrix A on the vector X gives us a scalar times X. We call the sclar and vectors that
satisify this condition the eigen value and eig?‘g vector. They are heckin important.

A
So how do we find eigen values and eigen vectors? Well a quick re-write of the equation above gives
us —_—
Ix=z X
or — = AX - X =0

L J

AR—IAE=(A—ADi=0 &
—> AX X (, )f-_

So we want to solve the problem (4 — A1)X = 0 for A, X

LV
You may recall having been told that for a problem like Mx = _B: where b # 0 will only have a unique solution
if d\e:cL_]VD_f 0 and this is true, but if we want M¥ = 0 to have solutions ¥ # 0 our requirement is the
opposite, the matrix M in this case will need to have det(M ) = 0. If it were not zero the only solution to
Mx = 0 would be the trivial solution X = 0.

This means that we will only have now\_/i,al solutions if

det(A— A =0

When we take this determinant we will get a polynomial in lambda equal to zero for which we will find the roots,
this is just like our characteristic equation for nt* order homogeneous equations, infact we call it the charaterstic
equation.

So if we want to find our eigen values to get the n lambdas that define the exponentials of our
solutions e*t we are tasked with taking the determinent of the following matrix

0
det 0 -
1
————
0
=det 0
A
&
a;; — 4 a2 ¢ Ain
= det az1 Q22 — A A2n
an1 Qn2 Ann —
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Section 5.2 The Eigen Value Method for Homogeneous
Systems

Once we have the eigen values we are then tasked with finding the eigen vectors. If lambda is
known this means solving the system

[a11—1 apz ain |\ [V1 L
5 | A1 A=A - agy | V21 _ o
l an1 QAn2 vt Qpp — AJ Un
For vy,v,, ..., v, M( PS) = [ A |
2=l ]
Let's find the eigen Values and elgen vectors of the following matrix.
/p

o

_‘2 ’/\ '-'/(2.—/\,)0«/\)_..0(1):0

): T"S(,‘q\’/q‘\;& (L-N)(I-A\= 0O

%ﬂ’[l A=L A= _

(A—21)=[2 (1:2,]:[8 —11]
(A—ll)—[ 1

1 1 ] [ 1
1-1 0 0
Let's find the eigen Vectors

C/‘\’N:)V o> [ 7 o ——llplf[z oy +ehi=o
R H NG otle] e

Vf'é:( reg, ),,fiz A, =2 J
N-1E) =0 %C J[ 1{8 :"):i:;;oo
y=S$ V=5 = \I*SLS:(A g ] N=
i I G % o B RS,
£2°- '/]E‘ll ¢(Q ‘ l,(\“ L1 Av=AY,
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Section 5.2 The Eigen Value Method for Homogeneous
Systems

Sowehave l; = 1,7, = [_11] and1, = 2,7, = [(1)]

Ok great, but how does this give us the solution to a system of differential equations. Well let's look
at the system of equations. \ :

Which can be written as Z &

. V1]
And we would guess solutions X = v le
2

Which when plugged into the matrix form of the equation gives us

- Y

Which is exactly the problem

e A RIS

Which we just solved. So we get two solutions to the system of equations based on our eigen values and eigen
vectors.

= —1 t = 1 2t
= e % =],le
—_— ,/-

Or a full general solution which is a linear combination of the two given by

X=c [_11] et +c, [(1)] g2t

— —

Or denoting the eigen vectors as ﬁil, Uy = [(1)] ,and eign values as\; = 1,1, =2

—— - — —

)_C') = Clﬁlellt + Cz'l})ze/lzt
— —
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Section 5.2 The Eigen Value Method for Homogeneous
Systems

In general for a system of n first order homogeneous equations
x{ = aq1X1 + aA12Xp + -+ A1nXn
xé = ay1Xq + Ay2Xy + -+ AoynXn

X1 = ApiXy + ApaXy + -+ AppXn

For which the coefficient matrix has n distinct real eigen values 14, 4,, ---, 4,, wich implies we also
have n distinct eigen vectors vy, U5, ..., 1, the general solution will be.

X(t) = ¢y eMt + cyv,e2t + -+ ¢, D et

Example: Solve the system of differential equations given by:

x1 =x; —2x; + 4x3 2
X, = —2x, +x X —_ > >
2 = 2 3 2 x' = Ax
x3 = xz - 2x2 _2 x3
-

For this problem our steps will be the following:

Step 1: Calculate det(A — Al) set it equal to zero and solve the resulting poolynomial for lambda, that is solve

the equation:

det(A—AI) =0

Step 2: Take the resulting A's and get the matrices A — Al then find the vectors for which

U —

R ~
(A—ggvzo 5 ! A’t
Y 0

Step 3: If there are n distinct real eiven values build your solution as | l

x(t)—/LJ‘CZL/—cv M4 e, B,et2t 4o+ ¢ B et

/Step 4: If given initial data x1 (a) = b1,x2 (a) = by, ... xn(a) = b find ¢4, ¢y, ... ¢, by solving the
equation =

Where the columns of the matrix X are formed taking the the eigenvectors times their exponentials as columns.
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Section 5.2 The Eigen Value Method for Homogeneous
Systems

Step 1. Find the characteristic polynomial and it's zeros will be the eigen values.

1-4 21 4‘
det([ g —21— _zl_lDZO
wl,@noli el g
-

A-D((=2-D(=2-H-1)=0
S
1-D(A?+424+4-1)=0-D(A2+42+3)=1-DA+1DA+3)=0
—N—— TN———

/- pa——

).1:1).2:_1 2.3:_3

B

Step 2. Find the null spaces of the matrices (4 — A;I) those are your eigen vectors, each associated
with an eigen value A;

4 |Ff X1 2 2 4 []*1 4 2 4||1*1
1([]*z| = Q_(A —(-DDhx=|0 -1 1[|*]|=0 A-(C3)Dx=|0 1 1||*2|=0
—3V|*3 T 0 1 -—1f|*s 01 1

ans)(‘= % )(5 = é/

o ¥ 0 O“JBUS(H’HL"%’OIM@ 310
e 0 1|0 %ok 0 4, | -3)69(91\-34(3
e o 0P 58 0
—_——— O\Ll\l’ }T',
@xlzs — w
x, =0 X, —x3=0->x,=s5 X, +x3=0->x, =—5
x3=0 Xy +3x3=0->x; =-3s _ _
—— — x1+5x3—0—>x1———s
~
(3
92;’1‘5,12=—1 —1
(-—1 — 1—7)3: _f 5,13:_3
1
/:/—\

Take s = 1 for simplicity and then the solution is:

' ~€ - -3¢
.1 I
X(t) < ((&}e{ i C'LL‘:&{ r [$ L )€
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Section 5.2 The Eigen Value Method for Homogeneous
Systems

Let's suppose we were given the initial data x; (0) = 1,x,(0) = 1,x3(0) = 3
_ _ S

Let's set up the system we need to solve to find c;, c,, c3 and then ask a computer to solve it!

- {, -\ ( e’&é
% C,_c -G e,gl—

CL‘C CJ C ({,)
C e 5C, ¢ “¢ Moce s "
X - . v
';((4)= «“ | 2 ' m"‘ g"*L ’ - L
l 3t xyLe)
¥3 Qe rac
X,(0) [ /3( A (
x,ro) e B ,_e, -C,c, 0
(7) J (o 4 Cye
) ¢ ,3CZ_‘/»C3 | '-} ~h Cl A/‘ :
- d c Vv
|3 - Uf‘ +Cp = Cy _DP‘ 0 ¢ 3
0C; + ¢y ¥y

‘ ‘ ~1 /2]
So then then the solution to the initial value problem is X() =—-[0]e" +2 ] 1 -t
1

Or equivalently

€ ~t i
x () = /{/le -Le - /}_‘C

y b
x,(t)= LE '-'-e

4 - 3E

no= Y +L
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Section 5.2 The Eigen Value Method for Homogeneous
Systems

Distinct Complex Eigen Values

Since we find our eigen values solving the equation det(4 — AI) = 0 which gives us a polynomial in
A to find the roots of it is entirely possible to get complex values. So we should want to know how to
handle them!

We will focus on the case where the coefficient matrix A has only real entries which will mean that
any complex eigen values we get will come in complex conjugate pairs. a + bi ,a — bi

Let's suppose we get a complex eigen value 1 = a + bi this means that the equation

si=@+biys €
Ol

Since we are assuming that A has real entries it must be that there are other complex numbers in 7.

—

So we are looking at an equation of the form

= 5 —
a Vb v
A1 Q2 o Qapfaq +Hbyl /\ a; + byi — .
Az1 a2 "t Gzn ay| +[bi :(a+b)a2+b2i a+bl EM’L’('
n1 Qnz  *°  Ann|las +|bgi as + bsi

—)

Note that if we take the complex conjugate of the whole thing AV = (a + bi)v

—
_—

= . - - — :. . ;
AV < Caﬂc)ﬁ = AV: oY = AV =(a-b) ¥

~ Sowe have AD = (a — bi)V which directly implies the eigen vector associated with the other eigen value a — bi is
just the complex conjugate of the one associated with a + bi! This can save some work!

v V

So we have A; = a + bi with eigen vector #; = d + bi and eigen value A, = a — bi with eigen vector &, = @ — bi

- —— ~—__ ——
a; by
5 7. a ,
Whered +bi = | .| +i b:Z
an b,
oo
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Section 5.2 The Eigen Value Method for Homogeneous
Systems

So following the form of solution before from these two eigen values we might expect two solutions of the form

Q-”b[ A .
= 4¢5)Kb)
X = 61516”11t + czﬁzelzf ?\ e =9 C"“’\ 5K )

—

or =c(d+ blle(a;b_l)t + ¢y (@ — bi)e@bie
(ﬂ-rft)c, ([OSODL)PLQM(QL)\ 4 C)_( o ,5 ){ ((05( ) né,,'e_q

< N2
X =e% (cl (d’mbt) + isin(bt)) + ¢, (a — bi (cos(bt) —1 in(bt))) 05(5 ) =i sia(b®
T —

But we can write this as

x(t) = e [[(c1+cz)§cos(bt) — (e + CZ)B sin(bt)] + i [(01 — cz)l_J)cos(bt) + (¢ — cz)é’sin(bt)”
— —~— W
OrifweletA =c¢; + ¢, ,B = ¢; — ¢, and factor them out we get.

- Y
x(t) = e [A (& cos(bt) — Bsin(bt)) + Bi (B cos(bt) + a sin(bt))]

—_— —— =
=

—

Just as before if we use real initial data A,B will be such that we get real numbers in front of our two
terms. So we can just assume real solutions anyway. Our two solutions coming from the complex
eigen values is then

A 4
—% = et (d cos(bt) — Bsin(bt)) G:SQ
f-—%

X, = e® (B cos(bt) + dsin(bt))
/ \

e

So that our contribution to the system is just as above but without the "i"

/

‘./3 Et) =e% [A (& cos(bt) — B:}in(bt)) +B (5 cos(bt) + a sin(bt))]
A —— A 7

Z

7 — T —

Secb.2 Page 10



Section 5.2 The Eigen Value Method for Homogeneous
Systems

Also note that if we had only taken one of the eigen vectors and eigen values

—_— ok
x(t) = (& + Bl) ela+bit — (Fl + I_J)i)’,(cos(bt) + isin(bt))

=¥ (c'i cos(bt) — Esin(bt)) + ie%t (I; cos(t) +d sin(bt))

The same form we had from simplifying before. So the complex conjugate pairs both suggest the
same two solutions. This means that we can avoid memorizing the form of solutions before and just
take one of the eigen values and vectors to find our contribution to the solution made by the
complex eigen values.

We do it by
1. finding the eigen vector associated ngth one of the eigen values

2. build a solution as ¥(t) = (c'i + BiX(cos(bt) + isin(bt))ée
3. Separate out the real and imaginary parts. ¥, (t) = Re(%(¢)), %,(t) = Im(X(t))

4. The contribution will be ¢;%; + ¢, %, . oo e

Let's do an example.... Find the general solution to the system of equations

A
|
4x; — 3x, X, —_ Dl’S X
A AR
2
((A-a3)f [H-2 -3
— H-N(H-AR\— (3)3) =
s n — H-D(U-1Y— (3)X-3) = O
g +J e -4

Q 2
7 N-ZN 46 +9 =0 = A -§A 2T A >

= Az g xdaidos _ TEIEE _ gxec_ x4z,
/ - — —
22—

-
— -
2-

X1
X2

"

Az U3 A,z U-30

(A-nZ]y =0 J- A438) -3 [\». [o]
| o
3 (411 V2
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NI T "IE] £

J ’3L 0:3(')
- U =3
’3(\/ 'SV‘)_’O —= .3o

,43\/( ’30 ]_:O ( i VlD (: K

—_—

3(2)—3503’;0‘/

~ : l.: =3 V:EG]
/\-;‘('f'SLIZ,]ua A=HSe, 2
ST RN I

A€y = ):T ]e(qﬂ" a = E@ﬁ( 3e)+ c‘w

e

€4£_£ l (COSQS)'W ('St)) _ e”t[_i(oﬁ,(St)__.s,'v\ (St)
1 (CoS(BL) £33 RE) co5¢3%) T¢I MBe

we [ -Siml3¢) 3 o134 “A€r_gn (H) e 5(3*
=<
€OS(32) 3 Sm(3+) \— [

c“(g*‘) $114(3-t

cos(3t) —sin(3t) (
So we get é(t) = e et [sm(St) \bs(%d]”(\’ C. “@3(3e) - 6 i

— - e . l-lt‘
Direction I‘gﬁ'ﬁ (‘_eH Sta ‘1"‘") +c3e (65&')

-3¢ -3| 0 T
10 — pooA ,I:a —
3 -3 0 1
7 ! s If *‘
{ '{kl_ 4 L‘ 5 — 7 'f —
3 +3 oo TN LR
:—Sij—s/ 0= e - d 4 - - . . - L~ r . P Ea _
0 o ' r'd ' i ’ i . - - - P .-:
= 3(’/ 3‘5-‘ P Ll 4 N N N e
g -3 ‘ (0] ‘15; L joov , ‘ VN N e ]
0 (& 0 V < S " I \ NN I
T V>3 E ¢ 5} 10 5 0 5 10
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Section 5.2 The Eigen Value Method for Homogeneous

Systems

For fun let's look at the system

A slight modification of the system before:

[ —
x1 = —4x; — 3x, *1 = %'\xl ixz
4 4x xz - xl + x2

e =

Coefficient Matrix

octave:12> A=[-4 -3; 3 -4]
A = —
-4 -3
3 -4
—
octave:13> [vecs, lambd
vecs = —-_—
G.Zgll + 01
0 - 0.70711
lambda =

Diagonal Matrix

-4.0000 + 3.00001

\0.7071 - 01
0 + 0.70711

[1"[7

Same eigen vectors, just
scaled differently. Recall

before we had [_11] , [ﬂ

Only difference here is that the
real part of the eigen values is

ive!
0 negative!

0 -4.0000 - 3.00001

Our solution would be

10

x(t) =e

/\

_a¢ | €1 €OS(3t) — c,sin(3t)
1 sin(3t) + c,cos(3t)

Direction Field

-10
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Section 5.2 The Eigen Value Method for Homogeneous
Systems

)( < Find the amounts of salt at time t in the three brine tanks of the figure to
the rightif V; = 50,V, = 25,V5 = 50 and r = 10gal/min
g 1 /2= 42 V3 gal/
d)(, - x3 [0 - O-IKS—@-lx,

O(XL: Xio—"2 10z 22X~ O ¥y

FIGUREJ5.2.5. The lhmgbrine

tanks of Example 4.

at 50 zg
A _ 2,
d’: KL{O’—S-IO 0.4 Xu=OEXs
So our system is: 15~
dx |702 0 0.2 X(N = »O,lxl +OX, * 0,2X5
=02 -04 0 |[x \
0 04 —02 A= 02X —0yy + © %5
Let's solve it with the help of a computer! ><; - 0X ( 4+ 0.4 X). -~ 02 )<3
octave:17> A=[-0.2 0 0.2; 0.2 -0.4 0; 0 0.4 -0.2]
A = —
-0.2000 0 0.2000
0.2000 -0.4000 0

0 0.4000 -0.2000

octave:18> eig(A)
ans = .

~— -0.0000 + 01
<  -0.4000 + 0.20001

~ -0.4000 - 0,20001

octave:19> [3,lambda]=eig[A)
vV = -

0.3536 + 0.35361 [ |0.3536 - 0.35361

-0.6667 + 01
-0.3333 + 01 0.3536 - 0.35361( |0.3536 + 0. 35361
-0.6667 + 0i \|0.7071 + 01 \[0.7071 -
lambda =
Diagonal Matrix A=S ~0.¢ o, 21
‘e
-0.0000 + 0i /e 0
0 -0.4000 + 0.20001 0
0 — 0 -0.4000 - 0.2000i

e — \ .
—O.v( —0,2¢
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Section 5.2 The Eigen Value Method for Homogeneous
Systems

or‘ra:e 19> [v,lambda]=eig(A)

ol [ 2] é’

’0.66 0i 0.3536 4 i )| 0.3536 - 0.35361 =
>0.3333 + i ﬁtvﬂtﬁl).) 9.3536 + 0.35361 3
a 6667 + ei -B.70 ' _9.7071"- 01 . 1
Ul =|—— lll = 0
13mbda = 23 —_—
Diagonal Matrix —
| 3
-0.0000 + 0i 0 0
@ -0.4000 + ©.2000i 0 -
0 08 8.2 0 -0.4000 - 0.20001 = [0.3536 + 0.3536i
—_— ¥, =10.3536 — 0.3536i |, A, = —0.4 + 0.2i
—-0.7071 -

Recall we can use any multiple of the eigenvectors we want so why not make them look a bit nicer!

~2/3
v, = |—=1/3| - multiply by —3 - |1

ﬁ 2/3

A f 2
03536 + 0.35361
V2 = 05536 — 09536 For 7, I would prefer less complex numbers at least. Note for a complex
—0.7071 number with the same magnitude in the real and imaginary parts
(a + ai)(a — ai) = a® + a%i — a?i — (ai)? = 2a?
— —t —
(a — ai)(a — ai) = a? — a%i — a?i + (ai)? = —2a?i
——— —
So if I multiply 7, by 0.3536 — 0.3536d will end up with octave: 7> v(:.2)*(v(2,2))
e — . *p '
- P ans =
0.3536 + 0.3536i 2(0.3536)% 2.5000e-01 - 4.4409€-161)
— [0.3536 — 0.3536i| (0.3536 — 0.3536i) = 2(0.0356)2i 73.6082e-16 - 2.5000e 011
—-0.7071 —0.7071(0.3536 — 0.35361i) -2.5000e-01 + 2.5000e-011
-
?
_P'ZrS 1 . L
Or| —24&bi - divide by 2.5 > —i |[=7, Thenﬁg_ U,
—2.54+2.51 [ -1+
~ -
2 1
So we have: 731 11,4 = 0, 1_7)2 = —i ,7\2 =—-04+ 02l, 1_7)3 = 3 = —0.4 - 0.2i
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Section 5.2 The Eigen Value Method for Homogeneous

Systems

1

1

2
131 =11 ,/11 = 0,172 = —i ,)\2 =—-04+ 02’,, 173 = [ ,/‘{3 =—-04—-0.2i
3

-1+1

From ii-4; we get the contribution to the solution of ¥; = e°'

-1-—i

ot

N =N

For the complex conjugate pairs we need only calculate one and separate the real and imaginary

parts to get the contribution from both.

Let's choose v,, 1,

> —
xcpairs -

Distribute the exponential and trig functions

~04t (¢0s(0.2t) + isin(0.2t))

( 1+ L)(e‘o 4t(cos(0.2t) + isin(0.2t))

Group real and imaginary parts in the vector.

e 04 (cos(0.2t) + isin(0.2t)) \

e %4t cos(0.2t)

o (-04+020)t _
o el

1
-1 [e7%*(cos(0.2t) + isin(0.2t))
-1+ —

—e %4 c0s5(0.2t) — ie~%*sin(0.2t)

e %4t c0s(0.2t) + ie~%*sin(0.2t)
—e 704 c0s(0.2t) — ie%*sin(0.2t) + ie %% cos(0.2t) — e %*sin(0.2t)

= —e~ %% c0s5(0.2t) — de~%*sin(0.2t)
e~ %4t c0s(0.2t) — e %4 sin(0.2t)(+ i(e~%*tcos(0.2t) — e %*sin(0.2t)

\S/ e~ 94t cos(0.2t)

- — R - —
X, = K€ xcpairs -
—

—_p—04t

—e ™04 c0s(0.2t)
cos(0.2t) — e %*sin(0.2t)

X3 = Im{xcpairs} =
e—O 4

e~ %%*sin(0.2t)
—e~%%sin(0.2t

t cos(0.2t) — e~ %*sin(0.2t)
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Systems

This gives a general solution of X(t) = 1%, (t) + %5 (t) + c3X5(t)

2 e~ 94t co0s(0.2t) e~ %4sin(0.2t)
() =cq 1|+ ¢, —e~ %4 c0s(0.2t) + c3 —e~04%5in(0.2t)

— 2 —e7 %4 c0s(0.2t) — e %4 sin(0.2t) e~ %4t cos(0.2t) — e %*sin(0.2t)

-

Or adding up the vectors we get:

x4 (t) _,F_/—dg 2¢; + ce7 %% c0s(0.2t) + c3e7%4tsin(0.2t)
x(t) = |x, ()| = —== ¢, — e " c0s(0.2t) — c3e~**sin(0.2t)

x3(t) /Jch + ¢, (—e7%* cos(0.2t) — e~ %*sin(0.2t)) + c3(e~%* cos(0.2t) — e~ %*sin(0.2t))
Or that

x1(t) = 2¢1 + e %% ¢ + c3e7%*sin(0.2t) x,(t) = ¢; — cpe7 04t Zt) — cze~%*sin(0.2¢)

“4t cos(0. - e‘°'4'ts"1n(0.2t))

What happens in the limit thatt — o

S'*Moﬂkl
Syale

20

FIGURE 5.2.5. The three brine
tanks of Example 4.

https://www.desmos.com/calculator/m
SW

dvffgj6am 7\ Qyeatt
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https://www.desmos.com/calculator/mdvffqj6am
https://www.desmos.com/calculator/mdvffqj6am

