Section 1.1 Linear Equations

Linear Equations show up in many areas of mathematics, natural and computer science. A linear equation is an equation
of the form:

a;x; +azx; +azxs+--+ax, =b
Where a4, a,, as -+ a, are constants and x4, x,, X3, -+, x,, are distinct variables.

Rapid fire: Linear or not?

2s+3t=0 2x+3y+4z+5w=x 3Wx+2y+z=1

3x2+4 f3s—0 y=2x+1 4x% +2y+1=750
X Y Z=

Basically, it is an equation with only single powers of each variable multiplied by a given constant and the some of
which is also constant.

Ex.y—2x=1 (x,y) €R?
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Ex 2r + 3s + 4t = 12 for (r,s,t) € R3

What do linear equations model? Too many things to name.

Models that can be "linearized"

] ] _ Archies law: ¢* = o,,¢™
distance = velocity X time
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Systems of Linear equations:

A system of linear equations is a set of m linear equations with n variables

ai1X1 + A12Xy + aq3X3 + -+ AnXn = bl
az1X1 + Ay2Xyp + az3X3 + -+ AoynXn = bz

asz1Xq + az2X; + az3X3 + -+ A3nXn = b3

.
.
A1 X1 + QpaXo + QpzXxs + -+ QunXn = by

A solution to a linear system is a ntuple (s4, s, -** 5,,) that satisfies every equation in the system. A
solution set is the collection of solution points.

Example: An airline sold 100 coach seats for an upcoming flight from Raleigh to Cabo. Some were sold to
students at a discount rate of $50 round trip and to the general public for $100 round trip. If the
revenue from the sales was $6000, how many students booked tickets?
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Number of Solutions

For lines
Unique Solution No Solution
2x+3y=7 2x+3y=7
x—y=1 4x + 6y =10
Infinitely Many Solutions
2x+3y=7
4x + 6y = 14
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Section 1.1 Linear Equations For Planes ax + by + cx = d

(a) Parallel planes, no points (b) Planes intersect, infinitely many
in common. points in common.

(a) Parallel planes, no points (b) Planes intersect in pairs, no
in common to all three. points in common to all three.

(c) Planes intersect in a line, (d) Planes intersect at a point,
infinitely many points in common. unique point in common.
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Solving a Linear System (Elimination) 2x+3y=1
4x+2y=6
2x+3y=1
Note that this was equivalent to the form 4 4 We call this triangular form and it is easier to
J— y ]

solve if we can get there.

A triangular linear system has n variables and n equations and is of the form:

anzy + appTy + ai3rz + - + apTp, = b
axpty + apxz + - + agpT, = by

assry + -+ + A3pTy = b3

Aupp — bn.

Triangular systems have the following properties:

1. Everyvariable is the leading variable of exactly one equation
2. There are as many equations as variables
3. There is exactly one solution
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Solving Triangular Systems

If we can put a linear system into a triangular form we can then use a process called back substitution to solve them.

Example: Solve the following triangular system

Ty — 2x9 — Sx3+ 314 = 2
Ty +3x3 —4dxy = 7

T3 +2xy = —4

Ty = 5
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Some systems can't be put into triangular form but something similar echelon form .

A system in echelon form has the following properties

1. Everyvariable is the leading variable of at most one equation.
2. There are no solutions, exactly one solution or infinitely many solutions.

It is worth noting that triangular systems are also echelon.
Example: Find all solutions to the system of linear equations given by:

X1 +2x2 _5x3 = —4

—2xy +4x3 =8

The first thing to note here is that we have no equation telling us what x5 is. We can modify our system
in the following way.

X1 + sz - 5x3 = —4
_sz + 4'x3 =8
Ox3; =0  We call x3 a free variable
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Section 1.1 Linear Equations
x1 + 2x2 - 5x3 = —4
—2x, +4x3 =8

Ox3=0
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Find all solutions to the system of linear equations

1 + 2x9 —

L3

o — 4323
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When there are infinitely many solutions

x1+2x2 - 5x3 = —4
—sz + 4X3 = 8

—le - 4x2 + 1OX3 = 8

When there are no solutions

x1+2x2 - 5x3 = -4
_sz + 4'X3 = 8

—2x1 - 4x2 + 10x3 = 9

When there is one solution

x1+2x2 - SX3 = —4
_sz + 4'x3 =8

_2x1 - 4x2 + 12x3 = 10
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Homework Example

Determine if the following are solutions to the system

3x1 + 8x2 — 14x3 = 8
X1 4+ 3xX2 — 4xs =

|
N

(a) (3 — 251, 4 + 351, 51) (b) (-2 - 5s1, 51, —(2 + 51)/2)
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x+y+z=28
—x—y+z=38

z=28
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Section 1.1 Linear Equations
x+y+z=8
-x—y+z=28

z=28
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