Section 1.2 Linear Systems and Matrices

Systems of linear equations are both mathematically interesting and useful in a wide array of applications. As a result
finding ways to solve and manipulate them is worthwhile! In the last section we worked on solving systems in echelon
form, however most linear systems don't present themselves in such a canonical way. In this section we will cover
Gaussian Elimination, a solution method, and introduce another way to represent a linear system, as an augmented
matrix.

Equivalent Linear Systems: Two linear systems are said to be equivalent if they have the same solutions.

Ex. The three following linear systems are equivalent

2x1+x2_4’x3:_7 2x1+x2—4—x3=—7 x1:1
4—x1+2x2+x3=4 —2x2+x3=4 x2=—1
le_x2+ZX3:7 9x3:18 X3:2

The triangular system is the one that is easy to solve, given that they are equivalent we would like to be able to transform
one form of the system into the other so that we can obtain the solutions. We do this with elementary row operations.

Elementary Operations: Operations on a linear system of equations which do not change the solution set.

1. Interchange any two equations. (It does not matter where we put them on the page)

2. Multiply any equation by a nonzero constant. (We can multiply both sides of an equation and not change its
solution)

3. Add a multiple of one equation to another. ( This is just the algebraic operation of adding the same thing to
both sides of an equation)

Let's just review why (3) works.
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Let's transform this into echelon form using elementary operations
2x1 + x5, —4x3 = =7

4x1 + 2x, +x3 = 4

2X1 — Xy +2x3 =7
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The Augmented Matrix

Elimination can be tedious and so if we can reduce the monotony a bit we should. One way is stop writing each variable
every step. Instead we will use an array of numbers where the position of that number assigns it as a coefficient of a
specific variable or constant.

2x1 +x, —4x3 = =7 2 1 —4|-=7 i1 Q2 v Q| bgy

4x1 + 2%, +x3 =4 S 4 2 114 Az1 Q2 =t Qzn by,

2X1 =Xz +2x3 =7 2 =1 217 a. a. a: b.
ml m2 mn|Om1

Anatomy of an augmented matrix

With augmented matrices we perform elementary row operations 1. Interchange any two rows.
just like the elementary operation but on rows in our matrix 2. Multiply any row by a nonzero constant.
instead of on equations. 3. Add a multiple of one equation to another.

Gaussian Elimination

- Row operations to al_ 2 —4x, = =7 =1
i ; 14 47 echelon form S _12 14 47 Back to system X1 +_JZC§C2 A 3;2 4 Back solve x; _ 4
2 -1 2|7 0 0 9|18 9x; = 18 X3 =2

Typical Procedure:
1. If it makes the things easier interchange rows ( If a row has a 1 in first column make it the first row)
2. Use Row 1 to eliminate a;, ‘- a;, (get all zeros below a;; in the first column)
3. Use Row 2 to eliminate a,3 -*- a,, (ger all zeros below a,, in the second column)
4. Continue this approach working from left to right until you are in echlon form.

Let's do this!
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We call spots occupying a leading term a pivot position and the column it lives in is a pivot column

2 1 -4 1 0]-7]
2 1 -4 0 -2 1 2 104
0 -2 114 0 0 3 0 2|18
0 0 9]18 o 0o 0 o0 5]10]
With this terminology in mind we can introduce Reduced Row Echelon form
A matrix is in reduced row echelon (rref) form if:
1. Itisin echelon form.
2. All pivot positions contain a 1.
3. The only nonzero term in a pivot column is in the pivot position.
1 0 0 1 0]2/3°
1 0 01 0 1 0 -1 0|31/3
0 1 0|-1 0 01 0 of14/3
0 0 1f2 o 0 0 0 1 2 |

Let's extract the solutions from these matrices in rref form

Section 1.2 Page 4



Section 1.2 Linear Systems and Matrices

Gauss-Jordan Elimination
If we go all the way to rref form we call this Gauss-Jordan Elimination. Let's take our first system to rref form

2 1 —4|-7 Typical procedure: Use the pivot positions to obtain zeros in their columns then divide
0 =2 1|4 the rows by the pivot position values to obtain 1's there (This can be done first as well)
0 O 9118
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Example

2x1_2x2 _6X3+x4 = 3
—x1+x2 +3x3 — Xg = _3
xl_zxz_X3+X4 = 2

Use Gauss-Jordan Elimination to solve the system,
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Computers can do elimination, however make sure you can too! Chances are an exam or quiz problem will require

hand calculations!

Use technology to find the solution to the system

Mathematica

A={{1,2,3,1},{4,5,6,2},{7,8,9,3}}
RowReduce[A]
MatrixForm[%]

To execute the code above hit shift+enter

Maple

with(linalg)
A:=matrix(3,4,[1,2,3,1,4,5,6,2,7,8,9,3])
rref(A)

Matlab or Octave (Octave is free!)

A=[1,2,3,1;4,5,6,2;7,8,9,3]

Rref(A)
>» A=[1,2,3,1:4,5,6,2;7,8,9,3]
A =
1 2 3 1
4 5 & 2
7 8 9 3
rref (A)
ans =
1.0000 0 =1.0000 -0.,3333
0 1.0000 2.0000 0.6667
4] 0 0 0
fxo> |

x1+2x2+3x3=1
4'x1+5x2+6X3 =2
7x1+8x2+9X3 =3

DUnmIed-1 * - Wolfram Mathematica 11.3
File Edit Inset Format Cell Graphics Evaluation Palettes Window Help

= A=1{{1,2,3,1}, {4,5,6, 2}, {7,8,9, 3}}
RowReduce[A]
MatrixForm([%]

%, 0,8 1Y, HA s, 6oy, (7,78:9,3

1 2
1,0, -1, »190,1,2,-),10,0,0,0

3 3
10 -1 -°
)
01 2 ?
‘99 o e

(B untitied (1) - [Server 1] - Maple 16 - [m] %

File Edit View Insert Format Table Drawing Plot Spreadsheet Tools Window Help

Frose o @ak = [ @

D ABSS Lol ¢ TPEIE -
MRavoritss | A8 TR o sy Eexa b@ s -
MapleCloud with( linalg) : -
blic A= matriv(3, 4, [1,2,3,1,4,5,6,2,7,8 9. 3])
amad .1 i 1231
4562 (1)
7893
rref(A)
1
10 -1 -3
N
012 @

You can install octave on your machine or take advantage of
https://octave-online.net/

octave:2> A=[1,2,3,1;4,5,6,2;7,8,9,3]
A =

1 2 3 1
4 5 6 2
7 8 9 3
octave:3> rref(A)
ans =

1.00000 0.00000 -1.00000 -0.33333
0.00000 1.00000 2.00000 0.66667
0.00000 0.00000 ©0.00000 ©.00000
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