
In general vectors are ordered list of mathematical objects. One could have a list of real numbers, complex numbers, 
functions, matrices…. Some of which we will touch on later in this course. For now we will introduce the concept of 
vectors using real numbers. 

A vector      is an ordered list of  real numbers and are written in many different ways…

   

 
 
 
 
 
  

  

  

 
   

 
 
 
 

                                                          

Vectors themselves are mathematical objects and as mathematicians that makes us want to know when they are equal, how 
to add them, how to multiply them and what we can do with them. 

When two vectors are equal:

Are the vectors       

 
 
 
 

          

 
 
 
 

 equal?  What about      

 
 
 
 

          

 
 
 
 

  

Two vectors     and        are equal when                             

Vector Addition and Subtraction:  Let        be vectors in   then:

       

 
 
 
 
 
  

  

  

 
   

 
 
 
 

 

 
 
 
 
 
  

  

  

 
   

 
 
 
 

 

 
 
 
 
 
     

     

     

 
      

 
 
 
 

Ex: Calculate        if                and              

Ex: Calculate        if                and              
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Vector Multiplication is a bit more subtle and can be done in different ways. Which ways are useful depends on the 
problem at hand and whether or not the operation has desirable mathematical properties.

The Hadamard Product: This is a natural vector product one might immediately think of

       

 
 
 
 
 
  

  

  

 
   

 
 
 
 

 

 
 
 
 
 
  

  

  

 
   

 
 
 
 

 

 
 
 
 
 
    

    

    

 
     

 
 
 
 This particular produce is useful in some computational 

applications however as we will see in a moment in this class we 
will be most concerned with vector operations that say something 
about geometry. It is good to mention this one though. 

Scalar Multiplication let    and         then:

      

 
 
 
 
 
  

  

  

 
   

 
 
 
 

 

 
 
 
 
 
   

   

   

 
    

 
 
 
 

Example: calculate          

The dot product: let            then

       

 
 
 
 
 
  

  

  

 
   

 
 
 
 

 

 
 
 
 
 
  

  

  

 
   

 
 
 
 

                      

This product is of a single real number( a scalar) and the vector 
where we simply multiply each component by the scalar. 
Geometrically this product changes the length of the vector ("scales 
it") .

This product takes two vectors in   to a single number in 
   We will focus in on this very important product in chapter 
8 when we talk about orthogonality. As it turns out when 
the dot product of two vectors is zero they are at    to 
eachother.  It cal also be used to determine how much of 
one vector is in the direction of the other.

Example: let      

 
 
  
 

      

  
 
 
 

 calculate       

This list is not exhaustive…
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Geometry of Vectors

This may or may not be your first introduction to vectors, especially if you have had a physics class. This because we 
think of vectors as objects which have a magnitude and a direction. For example representing the velocity of a plane, 
the magnitude is the speed and direction where it is headed. We often represent this with an arrow pointing in a 
specific direction whose length is equal to the magnitude of the vector. 

Ex: Draw the vectors                        

Example: Draw the vector      
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Magnitude (length) of a vector 

Find the length of the vector  
 
 
 

In general you can find the length of a vector by taking the square root of the sum of the squares of the 
components.

Magnitude of a vector  let       then the magnitude is          
    

    
    

 
                

 

Example: find the magnitude of                    
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Geometry of Vector Addition

Vector addition can be thought of as following one vector from tail to tip and then attaching the second vector's tail to 
that tip and moving along the second vector.

Example: Draw                    and       
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Geometry of Scalar Multiplication Scalar multiplication does not change the direction of a 
vector only it's magnitude!

Example: Draw          ,               
 

 
    and calculate the magnitude of each vector.
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Linear Combinations We will use this phrase a lot in this course, a linear combination of vectors is a sum of scalar multiples 
of vectors.

If                    are vectors in   and            scalars in  then a linear comboniation of those vectors is a 
sum of the form:

                            

Example: Draw the linear combination   
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Representing systems of equations as linear combinations 
We can use our new concepts to represent linear systems of equations which can also provide a different lens on what we 
mean by a solution to a linear system

                   
               
                

Consider the systems shown below and show one represents the other

   
 
  
 

     
 
 
 
     

  
 
  

   
 
  
 

 

Geometric interpretations

                   
               
                

Intersection of planes

   
 
  
 

     
 
 
 
     

  
 
  

   
 
  
 

 

Scalars needed so that a linear 
combination reaches a given vector 
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The solution to this system 

turns out to be    
 

 
          

 

 
 

That is 
 

 
  

 
  
 

    
 
 
 
  

 

 
  

  
 
  

   
 
  
 

 

What about a system where we have infinitely many solutions?

           

           
     
                      

   
 
  
 

     
 
  
 

     
 
 
 
   

 
 
 
 

     
    
    

   
 
  
 

    
 
  
 

    
 
 
 
   

 
 
 
 

Section 2.1 Vectors in   

   Section 2.1 Page 9    



Section 2.1 Vectors in   

   Section 2.1 Page 10    


