Section 3.1 Linear Transformations

A linear transformation is a very important concept in linear algebra and can be used to represent a wide variety of
physical, economic, statistical and scientific problems. In this section we will study linear transforms that arise from the
multiplication of a vector by a Matrix. Geometrically the action of the matrix on the vectors will be to shrink, stretch and

reorient them.

A function T: R™ — R™ is a linear transformation if for all vectors %, ¥ € R™ and all scalars r we have
L T = e = — —
the following properties. -

—<a)T(u+7) =T(U) +T®)

= B3 =47

The properties given in (a) and (b) above are extremely useful in practice. Other things are often called linear as
well and there is a whole theory on Linear Operators. The differentiation operator is one such operator. If you
recall the sum of the derivatives is the derivative of the sum rule, that’s (a). You might also remember the fact that
when taking derivatives you can pull out a constant multiple, that’s just property (b).
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Let dy, dy, -, dy, be vectorsin R™ . If

Section 3.1 Linear Transformations
Linear Transformations as matrix multiplication o [i g2 fﬂ] and x =I : ‘The“
xm
2x+ x—x1a1+x2a2+ +xmam—b
Let's revisit the linear transformationT Y- 32 , | clam we can write thls inan equwlent form using a
x+y+z

matrix times a vector. That is T(u) Al .
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Here in one line is the correspondence between the forms of our linear transformatio
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2x+y 2x 0 1
y—3z y —3Z —3 1
T( + 0 + +y0 0 0
x+y+z y 1 1

Theorem 3.2: Let A be ann X m matrixand i € R™ . Then T(ﬁ) = A%l is a linear transformation T: R - R™
— — -l ag— —_—

Proof

N N N —_ \/ = RN
T(gr)sALD10,) = A TA V 2T +T0,)

T(r0)=T1(V)
Kk(c0) = rA0 V'
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Section 3.1 Linear Transformations

Let T: R™ — R™ be a a linear transformation T (i) = v.

We call the set of input vectors fﬁi € R™ the Domain of T

We call the set of output vectors {17} € R™ the Codomain of T
F—

For a specific vectert-in the domain of T we call ¥ = T.(i0) the lmage ofJj under T

The collectio the images of all of the vectors in the domain is called the Range of T

e 2] 1]

—21[x
Define T(ﬁ) = [(2) 02 [y] Identify the Domain and Codomain and draw the Image of the vector [ﬂ . What
——

does the image of all of the vectors in the unit square [0,1] x [0,1] look like?
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Section 3.1 Linear Transformations

Theorem3.3:Let A = [dy d; - dy,] be an X mmatrix, and let T: R™ - R™ with T(¥) = AX be a
= — = -—

linear transformation. Then

(a) The vector w is in the range of T if and only iLA£ = w.is a consistent linear system

(b) range(T) = span{d,, d,, -, Ay}

Proof of (b)
> > =
A; = Ed\, dz'ﬁ'aw‘l X
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Let T: R™ — R™ be a linear transformation then

- _ _ 0 . - - e n = el m
(@) T is one ’io oni(ln]ectlve) if for every vector’W_ER/there exists at most one Vectout € RT
such that T(u) =Ww.
(b) T is onte (silﬂ'gc’tile_) if for every vector w € R™ there exists at least one vector # € R™ such that
T(i) =w -

7

one-to-one

onto
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Section 3.1 Linear Transformations

Example: Assign the correct terminology to the linear transformations
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2y-¢€ = @O

X 1 1 1 =3][x
17l 2]|=1 0o =4 5|y
z 1 2 1 11|z
w 1 1 0 2 1w

This one is a bit harder to tell off the
bat, but we have a theorem that is

helpful.
S5:LetT bea llnear transformation. Thenéz is one- to one 15 and only if the only solution
T(x) =0s the tr1v1al solutlon x =0,
Proof:
- > -
Suppose T is 1-1 f“) 7“3,"'q'\]
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Simce T is )-I © IS Tleon _
Suppose the only solutionto T(X¥) = 0is¥ =0. =2 1 -]
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Section 3.1 Linear Transformations

377
Let A be ann X m matrix and define T: R™ - R™by T(X) = A%. Then

—~ —_—

(@) Tis1-1 Mtbe columns of A are linearly independent

(b)IfA % B where B is in echelon form then T is Is 1-1 if and only if B has a pivot position in every
column. ’

row oetions -}a"c A-—bB > S W
() Ifn <m,thenTisnot1-1 Sﬁmé&h - 'qn“i/ R,

(d) T is onto if and only if the columns of A span the codomain R"
-_ -ﬁ

(e) If A ~ B and B is in echelon form, then T is onto if and only if B has a pivot position in every row

(f) If n> m, the T is not onto.
—_  —

Theorem 3.9 The second unifying theorem m

LetS = {d,,d,,---,d,} be aset of n vectorsin R™, Let A = [&1 &n], and let T: R™ - R™ be given b T(J?) = AX. Then
: - — = - —m
the following are equivelent.

(a) S spans R™
(b) S is linearly independent

(c) A% = b has a solution for allb € R™

R

(d) T is onto

(e) T is one — to — one
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Section 3.1 Linear Transformations

Geometry of linear transformations. As we stated in the beginning linear ansformatlons can shrmk stretch

and reorient(rotate) vectors. y ( ) o ‘ (2.)
Scaling linear transformation [g 2] , CL] 2{ z

Ex Draw the before and after of the transformation T [ﬂ = [ 0 ] [1]sketch what this does to th

unit square
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—
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¢ ¢ | ) /
Shear linear transformation [(1) ﬂ [1 0] gz - ’ (a) T ‘£ - 0] / [:_]
o
Ex Draw the before and after of the transformatlon T 1] @ sketch what this does to the

unit square
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Section 3.1 Linear Transformations

cOS@) = Yy l ! &
. / -/ -
Rotation cgs(a) —sin(a) Sl'a (K): }' &\"57%/ Il:,(ﬁ’ ’H[yd{l - 2
sin(a)  cos(a) % “e % 6,
2

A

\
Ex Draw the before and after of the transformation T [ﬂ = ﬂ %ketch what this

does to the unit square

4

Ff(/w

[ &
cos(ch/) sin(ga) [ i:z o ,[o], | ]
Reflection sin(2a) —cos(24) /’ ~ 0 1\~ ~

Ex Draw the before and after of the transformation T [ﬂ =® @ %, sketch what this does to
the unit square 0( -0

T—

A
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Section 3.1 Linear Transformations

iy 9] 03 (3)(3) :[0’ t)

0 0

Ex Draw the before and after of the transformation T [ﬂ % sketch what this does to the unit squar

- Lo

Rotation dilatation [a _b]
b a

27 | l]
) | ] 2|—| 3
Ex Draw the before and after of the transformation T [ﬂ =@ @ g, sketch what this does to

the unit square

==t
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Section 3.1 Linear Transformations 3’ /

Combining linear transformations.

Ex: Find a sequence of linear transformations that rotates a vector in R% by 90°, scales it by 2,
and shears it. 1 >
QO’!‘O‘,‘ ’dv‘ \ ) ) . ,0, |

cos( | »3;\/\(‘71 :‘{ J (: ]
E;mnx) Cos(#) g &«

%0° T/, | [
£Cos(%\ ~sinl %) o L

TAA cos("’/;)

Scaliny

Apply the transformation to the vector 1] and sketch it and it's image.
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Section 3.1 Linear Transformations

Show that if T(x + y) =T(x)+ T(y) and T (cx) = cT(x) (thatis, Tis linear) then
N— ~—~—— —_—

_

T(c1x + c2y) = o1 T(x) + ¢, T(Y)
Tlex+GY) = TCEX) + TUGY)  Stayd et
Since T(,X‘f"/) = T7(X) .l—TC \/) £ kuot) G\ven 0

— ~ / :
Gnd TCOX) = C(T(%] ) )(CZX),C),T(K) &~ Anguw gwm@

Since T(€X) = CTU()

Thos O
O o cl()é)-\’C;_lCV]
Tles TGY)Z T‘C’QH_C_CLD =

TEMR) = TGYTTR)
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