Section 3.2 Matrix Algebra

Matrices are mathematical objects and we can do fun things like add them and multiply them. The set of n-xa_
matricies itself makes up something called a non-communitave Ring, not a topic for this class but worth a
google if you are intrested. A Ring, in short, is an algebraic structure for which it's members satisify specific
properties.

So we know how to add vectors but how we add matrices? If A, B € R™™ , the set of n X m matrices.
B =|P21 D22 bym
bnl @ bnn

Then
Aym + bim
Aom + blm
aTLTL + bnm
That is we add them component wise.
1 4
Example: Calculate A+ B= 2 + 1
pe: 2 7 4|72 5 2
0 8 1 9 1 10

(42 244 313

- ~| t6 o&+1 &+O

N12 7S HA =
of9 B+ ( 410

What about B + A?

(42 373

L+l (40 o+r
242 s5yg  orH
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Section 3.2 Matrix Algebra

Scalar Multiplication

Letc € R and A € R™ ™ be a scalar then

a1 Az 7t QAim Caq1 €A1zt CQim

Az1 Az - Om Cdzq1 CAzpy -+ Cdam
cA=cA=c| ;. : . : = T T . T
Ap1 Qn2  ° Aum Can1 Capz - Capm

—_— =

Example: Calculate

He) #(z) HAG)
YA) HbO)  4(2)
() (7)) M)

Yoy H“(g) 4

U

Theorem 3.11: Let s and ¢ be scalars and 4, B, C € R™™ and 0,,,, a matrix of zeros of size n X m then,
~ - e —

(@) A+B=B+A4A o0 -0
(b) s(A+B)=sA+sB -
(0) (s + £)A = SA + tA | o0 3

d(A+B)+C=A+(B+C0C)
(e) (st)A = s(tAh)

(F)(A+0,,)=4

O culled QJAI(+/R Tt ity

N
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7/’

Matrix Multiplication

4
LetA=1[d, d, -~ dx] € R™¥*whred; € R"andB =[b; by - b,,] € R**™ and b; € R* then the matrix product
is defined by:

_—-—-—"_\

[ /’ ay a2 A1k aiq a2 A1k ap a2 a1\
a a a a a a a a

:| by q':il' by | 2|t bg | | Baa | |+ baa | a2 |+ Bam | o[+ Bam | 2|+ b | o |

l a n2 Ank an1 Qan2 Ank /ﬁ/\ynz Ank J

[[bnan + by1a17 + - + by | [b12a11 + bypagp + 0+ bkzalk] [blmall + bym@iz + -+ D g ]]
bi1a31 + by1as; + -+ + byiagy bi2a31 + byaaz; + o+ + byaazi bim@z1 + bamagy + -+ + brmQzy

l bi1any + by1any + -+ brgani | | [b12an1 + bao@pa + - + bryan [blmanl + bymQny + -+ brmAnk ‘

We can also state this in the following way if AB =_C then C -~ G(“bu’\' qnbu—r qu L.SL

(v~

—_ — -

Which is an n X m matrix

Cij = ailblj + aizsz + ai3b3j + o4 aikbkjé AB _ C 2:” C’z .. ?
. - — 2l - - - -

Example: Calculate

XA

)
EEB) Pl o) o

ZHS)

One way to think about it is that the entry in the i** row and j** column will come from the i** row of the left matrix
and the jt" column of the right matrix.

What about BA?_ (3_ ,< 5) ( A XYH)

) /
55 SN pank iRl
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Section 3.2 Matrix Algebra
In General AB # BA for matricies!

Matrices of different sizes Matrices of the same size

octave:2> A=[1,2,3,4;5,6,7,8] octave:6> A=[1,2,3;4,5,6;7,8,9]

v A=
AL ) P—X”)[H xl)

1 2 3 1 2 3
5 6 7 8 i 5 6

7 8 9
octave:3> B=[12: 3 4: 56; 7 8] ~ —
B = octave:7> B=[9,8,7:6,5,4:3,2,1]
B =
7] YKL

3 4 (M/‘(Z)CZX“) 9 8 7

> © — — 6 5 4

7 8

o

octave:4> A*B octave:8> A*B

ans = ans =
50 60 30 24 18
114 140 84 69 54
138 114 90
octave:5> B*A ~——
ans = octave:9> B*A
ans =
11 14 17 20
23 30 37 44 90 114 138
35 46 57 68 54 69 84
47 62 77 92 18 24 30
octave:10> A.*B
ans = -
Notice here they were the same, but this
was not matrix multiplication. In Matlab 9 16 21
or Octave * and .* (dot times) are very 24 25 24
different. The .* operator multiplies 21 16 9
component wise a;1b;1 a1,b1, etc. In
fact itis the I:Il;adﬁa.ﬁﬁduﬁwe octave:11> B.*A
mentioned when first talking about B -
vectors. If the matricies are of different ans =
sides you cannot do the Hadamard
product. 9 16 21
24 25 24
21 16 9
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Section 3.2 Matrix Algebra

We stated in Theorem 3.11 that A + 0,,,, = A the zero matrix is often refered to as the additive identity
for matrix addition, one might wonder then, is there a mltiplicative identity for matrix multiplication?

ones on the diagonal and ngrywhere else. Thatis:
NAM M AN ™
Further‘élm =[L,A=A

The identity matrix: Let A € R™*™ then the identity matricies will be I,,, € R™™ , I, = R™"and will have

If A € R™™  is asquare matrixn = m, thenl = I,, = I,,, € R™™ and we can say Al = 1A= A

—— p—

Example:

Multiply:
2XL 2X2°

s O8)

1 2 3]‘ (1) 8‘ Ei{?i
B3
OKCJI ;jj_’. (23
|

15 ¢
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Section 3.2 Matrix Algebra

Theorem 3.13: Let s be a scalar and A4, B, C be matrices of appropriate sizes. Then

—_——
(a) A(BC) = (AB)C

(b) A(B+L) =AB + AC

(c) (A+B)C = AC + BC

(d) M) = (sA)B A(sB)

(e) AL=A

(f)1A=4

Theorem 3.14 Let A, B, C be nonzero matrices then,

(a) In general AB # BA _

(b)AB =0 doés not 1mply that A =0orB = 0.

(c) AC = BC dowmat/l BorC=0
/‘) e

IprL AKX
1 2][-4 2
Example |3 6] [ 2 _l]

([jj (VD + -2 CD O
él 2+ Q

___—

Example Let A = [;f _§’3],B = 31 ﬂ C= [1 F1nd AB and BC

ol

/]C - 13 7 Béf S qj
5 Y 5 15
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Section 3.2 Matrix Algebra

The Transpose of a Matrix

The transpose of a matrix is easy, columns become rows and rows become rows become columns

The first column becomes the first row, the second column becomes the second row, the third column
becomes the third row and so on.

Transpose...

AT m|
>

Notice the diagonal stayed the same! Infact we are just moving a;; to a;; so on the diagonal a; = a;;
Short Proof of (a) good enough for quiz credit as well
Lt f+B=C win Afa;;] B=[b; ] CHC; JoLa; 1, ]
Ten Lot A2[Q ] B [E,j C=Lc05T oy e demition

(a) (4 +B)T =AT + BT o +ranSposdion, q as; '5“'5.;1. (2‘; =G5, = A+

b)) (sA)T =sAT S
" C C’l..)
(c) (AC)T =CTAT « AHS eqo+bu] CO\“-%,‘]

Theorem 3.15: Let 4, B € R™™™,C € R"™*¥ and s scalar. Then

-
ad Cpiz Eqﬁbgﬂ :(A-I-B) =4 A=)
)]

Quiz problem: Prove (a)
We prove this by (1) calculating AT + BT and (2) calculating (A + B)T and showing we get the same thing! Note tht we are fixing the

values of the components in A and B and just moving them, so after the transposition the subscripts no longer correspond to the position
in the matrix, rather the value itself. So if a3, was in row 3 col 2 in A and a}; in row 2 col 3 in AT then al; = a3, which we put in the spot

of al;. 1think the colors make things clear.
-(rb [ 'q.n“’b\n
4, A2 - -Nn L3n. (AL bm &(}A qu"b" 2

q.il q‘b‘b . o 0\‘;\0 B: b'1,| bL'l-O s ! b)_y\ /‘9A+B_. O\L‘+bz, qu'rb”. [ -az“‘tbln

>
0"

Amt Ay - - o\mﬂ bw'\\ bb'\].' v bm"\ a "I'b a ‘H’n. v Rn Ybomn
colomns Co‘owwls wi ! oml A
+o row$ ¥o rowS

by babin W’Y - oyt Q,,5by, Ayt b

~
[
A= A Arg - oA 8= by by rbyn ’_ﬁf\‘}-e o qﬂfk,,;"‘qm:“'bm.

QW\ qln . quV‘ -LIV) lol.n .. b/’\h ql'\:"bm q»‘,',k:m__.-anm‘tbmn
R I  If SR P
) colomns
@ Qb Aafba Athe +o rowsS 3 ayten 4 LY Ay by

A+B: "\z.‘,"'bu qzt‘:rbu— Vo At o /_\9 %*‘3) - qn_"'b\x q" H) h qm:“'bm;

: : “e- q Yomn .
Ah“"bﬂl qn;i'bw‘l. " q #L‘n q + - «m‘—rbmn
In
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Section 3.2 Matrix Algebra

Powers of a matrix
Just like we would say x multiplied by itself n times is written x™ we can do the same with a matrix

A™ = AA --- A where A is multiplied by itself n times
~—

N fivme S
Diagonal matrices are particularly nice for this operation.
. q/
all 0 0 A O a11 O 0 A 0 a11 O O 0 all 0 &' 0
0 azo 0 oo 0 0 (25 0 e 0 0 azo 0 0 0 a;lz OM
A" =] 0 0 aszz 0 0 0 azz - 01| O 0 asz 0 =10 0 agl3
- : : oo : : oo : : : : :
0 0 0 -« apwllo 0o 0 -« au 0O 0 o Ann 0 0 0
/‘\__ﬁ \ ~—
5
1.0 0 \"o© © | o O
Ex: Calculate A3ifA=|0 2 0 — 2
_Alo o 3 - 7 63 — 0o &0
oo 7 © ¥
Another important form of matrices are Upper Triangular and Lower Triangular matrices.
a1 Q12 Q13 QAin a;; O o - 0
0 azx axs - axn a1 Gy 0 - 0
0 0 az - as azqy 04z 0aszz 0
0 0 0 - ap An1 Qn2 QApz ** dpp

Upper Triangular Lower Triangular

/

Note that an Upper triangular matrix corresponds to echelon form and a diagonal matrix is almost
in reduced row echelon form. We can also make the following statements.

~——== (a) Upper and Lower Triangular matrices are called triangular
—> (b) A Diagonal matrix is both Upper Triangular and Lower Triangular
(c) If A and B are both either Upper Triangular or Lower Triangular sois A+ B

— (d) Powers of triangular matricies are also triangular
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Section 3.2 Matrix Algebra

Elementary Matrices

We have been doing row operations on matrices of late, it turns out that we can represent those
row operations with matrix multiplication using Elementary Matrices.

We form an elementary matrix by doing a single desired row operation on the Identity matrix.
After that row operation is done we can use the resulting matrix, call it £, and multiply it by a
matrix A . The result of the multiplication will be the same as doing the row operation on A4
LYV AR 4
Py
-2 2 -1

Example: Let 4 = find a matrix E; such that ElA produces the same result as swapping Ry, Ry and a

matrix Ez such that EZA produces the result of multiplying Row 1 by 2 and adding it to ROW'I«that is2R; + R,

o ’ 01: £
/3 2 ))L?' ‘
2L O
t+o !
2|
E A= ’0 C Jz [)_ 2 -l
>~z - |
- — —
2@+, J‘/O__,__
What is the effective result of E, E; A? _

f\
PRI

“[a8 (8.1 1]

£Sect it e
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Section 3.2 Matrix Algebra

Composition of Linear Transformations.

In the last section we discussed how linear transformations on vectors in R™ can be represented by matrix
multiplication. That is for any linear trasformation T; () there is some matrix A; such that

Tl (ﬂ) = Alﬁ

Imagine now that we have more than one linear transformation which we wish to compose

Let T;: R™ - R™ and T,: R™ — R* The composotion of linear transformations can be written
— — pu— S—

WD) = TR -8

Suppose Ty (%) = A;4 and T, (V) = A,¥ Then W(u) Bii Where B = A,A; and B € R¥*™®
P —~—— — 4/ — e

Example
X1 X1+ X1
X1 +x, —x
Let Ty xz Xy — X3 =lox — a2 ] Find 4; and 4,
2x1 + x, T2

fzit;i [ ARG
) *X’Z’ij’@z £ 1 % :( ’“([ ] [ tq—:ﬂ\ 3

Find 4,A, L
Il -l (1 oo _
L S
2 - =~ | o -1I|\ -

I S
P
!
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Section 3.2 Matrix Algebra

X1 X1
Tl Xy =\| X1 X 2 X
X3 X1+ X3
()

—

"‘&

01N EN6) 4€)
- E{J\m—»(ff)/o) +(1)(1)
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Section 3.2 Matrix Algebra

Partitioned Matrix

When we think about the size of a matrix n X m we can calcualte how many numbers are in the matrix. nm .
In many applied settings macticies can have tens of thousands or more rows and columns. So if a matrix has
10,000 rows and 10,000 columns you have 10 numbers. Then we want to add multiply and divide those
numbers in computation, this can really eat up computer memory and CPU capacity. To aid in this we can
split up our matricies into smaller matricies and carry out what ever computations a piece at a time to save
RAM if needed or to parallelize the problem by working on several blocks at once.

;@ 213 0 1 0 1|14 0 2
_ 0 % 2 3 |2 1|2 4 4
A‘—1“4 @ 1 B=14 5 6 —1
4 1]|2—2—3 -2 31 0 2
AL\ ?\,,z/
Here we have partitioned the matrices into what we call Block Matrices
1 -2 3 01 0 1 4 0 2
All = 2 0 A12 =11 2 3 Bll = 2 1 BlZ =12 4 4
-1 4 5 4 1 -1 3 5 6 1
A1 =14 1] Ay =[2 2 -3] B,y =[-2 3] By, =[1 0 2]
We can then represent our _[Bi1 Bz
original matrices with the block B = B,, B
matrices.

Addition
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Section 3.2 Matrix Algebra

Multiplying Partitioned Matrices

When adding partitioned matrices the matrices needed to be the same size and partitioned in the same way.
However, when we multiply matrices they don't necessarily need to be the same size. In addition we have to
make sure we partition them in a way that the block matrices themselves can be multiplied. That is so that
their inner dimensions agree.

Example.
4
1 -213 0 1 | 2
A-|2 o1 2 3 2
—1 4|5 4 1 0
4 1]2 2 =3l 2
1 -2 3 0 1 . =11 B.=[0 B.. =%
An=[2 o0 Anp=[1 2 3 -1 127 1] 137 2]
-1 4 5 4 1
Ay =1[4 1] Ay =1[2 2 -=3] 5 2 2
1 1] 2
A= A1 Ap B = Bi1 Bz Bis
A21 A22 B21 BZZ B23
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