Section 4.4 Change of Basis

In chapter 2 we talked about the geometry of vectors. We thought of the vector B] € R? as moving

away from the orign, (0,0), by moving 1 unit in the x direction and 2 units in the y direction.
: z < ||
2
) 2

RS

However, now that we have talked-abeut a Basis, we can say what we were really doing, taking a linear =

Vhat is for the linear combination ¢; [1] +c, [0] the vector u
1ol = “11

meant that ¢; = 1,¢, = 2 so that the combination
1[(1)]+2[‘1)] ASHan ¥
We Poimkd 4o ( [ | D/)

- A
took us to the point (1,2) in R2.

[t just so happens that in this particular case, c; = 1 and ¢, = 2 took us to the point (1,2) What if we
wanted to get to the point (1,2) in space by taking a linear combination of a differet set of basis

—_ _ c
vectors, say {[ 11] , [_ﬂ}? That is, what are ¢;,c, in v = [c;] so that the linear combination

a3+ e|]

takes us to the point (1,2) in R??
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Section 4.4 Change of Basis

a v
c [_11] +c, [:ﬂ In this case we can take ¢; = %and cp; = —% =- /.5
=2 B -
(1,%)
il —— —
3 [’ ' 2
=3 L
|
oA gZ
So with respect to the basis B, = {[_11] , [:ﬂ} the vector v = 23 gives us cy, ¢, so that the
a—\_’_—___-——\,
2l & ¢
linear combination% [_11] — ; [ ] geoetrieally takes us to the point (1 2) of course if we do the
vector addition 930"‘"'7(" ealls
1
-3 - H H
2 2 3 2
.’——-. oy E

— ?‘
Which makes the notation very confusing! So instead we would denote our vector this way:

i -|aL%

N
f.{. 172
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Section 4.4 Change of Basis

Let's pick this apart a bit, first we need to establish the standard basis, it is the one to which we will reference all
others.

The standard, or natural, basis for R" is the set of n vectors {51, €y, En} , & € R™ where

0 0
|1 -
= 0,...en_ :

0 1

W the coefficients of the linear combination of basis vectors that take us to the point (x;, x5, :- x,,) are
X1 e —— = ——— —¥

— X .
stored in the vector u = ;2 , so that the vector corresponds to the point!

-
xn
= v

1] 0 X1
0 0 X2
: 0 :
’ +x2 +- +xl 0 +- +ﬁ1 = x

o o

S

0
1 Xn
— —

The natural basis for R? is {[(1)] , [(1)]} , npte that it is not {[0] , [O]} . The order here matters since for
the basis

U Vo Q&

1] [0 . . 1
{[0] , [1]} to get to (1,2) the vector with coefficents of the LC would be [2]2

AR HIE B

<

<o

9 9, <

But for {[0] , [1]} to get to (1,2) the vector with coefficents would be [2](
11’ (o == 1j— C

274 GV = B0 1 2
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Section 4.4 Change of Basis

Back to picking apart the notation

1. The vector in the
standard basis, which
corresponds to the
point (1,2) in space,

_1m

[ ] E > 3. usingthe coefficients ¢; = % =-:
2

5|~

2. B,= 1]

can be represented by a linear combination of
these basis vectors

-1 -1 1
[ ][] =]
L1l 21 2
whicﬁ themselves are represented with
respect to the standard basis,

Suppose you want to geometrically understand the vector [17] =12

what point in R does it point to?

Let's think about what this says, it says that the vector the form of % in the standard basis can be
represented by the linear combinationn

1 1| 2 7
3101+2|-3|+1|1] =|-5]| soitpointsto (7,—5,5)
1 2 —_
p—

O

——
7 1 0 0
So in the standard basis ¥ = |-5| =7 [0 =51 +5(0
ol "|o 1
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Section 4.4 Change of Basis

Note that we can represent this with matrix multiplication

3 1 11 [2] N—-
4], = |2[where B =1]0|,|-3[,|1
1 1 0 2 (IZ
1 [ 1 ] 2] 1 1 2|[3 7
301 +2|-3|+1|1|=|0 -3 1||2|=]|-5
1] ol 2| |1 o 2|[1] [5
1 1 2 3
In fact the action of the matrixA = |0 —3 1| on the vector [17]3 = | 2| was to convert it to the
1 2
vector u = . It can be viewed as a change of basis if we like.

octave:2> format rat

Convert the coordinate vector [x]s from the given basis 5 to the standard basis. octave:3> A= [ -8 6; 1 - 3]
e ———— e
- -8 6 -2 =
s-{[ %) [ 5]} oe-[3]€ A
1 ¢ -8 6
= -8 1 -3
] X = '9-[' £33
_ octave:4> xB=[-2; 3]
—— ‘B -
\
Sl 2
\,’\5‘3 3
So to go from the basis B to the standard octave:5> A*XB
basis, form a matrix A = [51 by Bn] and ans = —_

multiply the vector you with to convert!

30~ 3
L=

Let X be expressed with respect to the standard basis, and let B = {171, Uy, ﬂn} be any basis of R™.
——————— — —

7

If U= ﬂl 172 oo ﬂ then t
v v < -1 p——) / < ~ | >
@ z=u[z], —> U %= AR Ux = l:"]\g

(b) [ﬁb = U-1§
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Section 4.4 Change of Basis

What if we want to go from a basis B; to a basis B, for which neither is the standard basis. Its easy! We just go from
one to the standard basis and then from the stand ard basis to the other.

—

Or back from the standard
basis to the B; by:

P
¢/ 1
-6 -2 7 1 1 2
Where | 1 0 -—-1|=(|0o -3 1
3 1 -3 1 0 2

We could also go from a vector in from B, to the standard basis by

-1 1
\
[b” :[S] Or back from the standard basis 2 =2 [”
f By to the B, by: 2 =3 —1 c
-1
-1 1 1 1 2 -1
Where | 2 -2 —-1l=1|1l0 1 -1
2 -3 -1 21 0

"

So we could go fromME to U t Uuto [u] by

>
v
ND
3 H—s— 19 ERQ_

Or we could multiply the matrices together first to get a change of basis matrix from B, to B,

-1 1 2
2 —2 —1 0 3 1
2 =3 1|11 0 2

That is 0 3
1 2 [
1 1

ck«w of baSs ‘MM'( %

2 —2 —1 0—3
2

N W
I

N =N
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Section 4.4 Change of Basis

Let By = {1y, Uy, -+, Uy }and B, = {By,VU,, -, U} be bases for R . Let U = [ty Uy -+ Uy,| andV = [, T, - ]
ryr 2 9 J - —_—

@ [x], =v~iulx],

(b) [55] =U- 1V[x]

7\0\¢ﬁ

Changing Bases in Subspaces. Sometimes the number of basis vectors is less than the dimension of the space to which
they belong. That is our basis vectors might belong to say R3, however maybe there are only two of them spanning a
plane. In this case it is a bit harder to find the change of basis matrix as it will not just be made of the basis vectors
themselves.

Find the change of basis matrix from B; to B>.

2 <5 3 1
Br={1<5 ;| 813B2={|=1 |:]| &
4 R 3 -4

Firstlet's understand what a vector X in the subspace spanned by B; but expressed with respect to
the standard basis would look like with respect to B;

2 11]10]|0
Let's pickx = 2|-5|+1 6 Wthh is clearly in the span of B; so with respect to the basis [0][1]|0|x =
4 0110]|1
-1 1 0 0
—4| since we point to the point (=1, —4,1) in R? by taking the linear combination —1 [0 — 41|+ 1|0]|. However
1 0 0 1
2
with respect to the basis B; the linear combinationwas 2 |-5|+ 1 6 to point to the point (—1,—4,1) so
4
—4 = [1] So here it is defined by two numbers, remember B; defines a plane of dimension 2!

1
B1
The same vector with respect to B, is [ 1] since 0 l—l‘ -1 l 4 ‘ l ‘ SO “ H

So a change of basis matrix between the two bases would be 2 X 2!

e el =[5
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Section 4.4 Change of Basis

The trick here is to find out how to represent the basis vectors of B, interms of B; . That is we want
to find ¢4, €31 €12, €27 such that

2 3 1 -5 3 1
—5 :C11 —1 +C21 4 and 6 =C12 —1 +C22 4
4 3 -1 —7 3 -1
3 1 2 3 1 -5
C C
-1 4 [C”]= -5 —1 4 [Clz]= 6
3 -1 |4 3 -1 |7
3 1|5

3 12 -1 416

-1 4-5 3 —1|-7

3 -1|4

octave:18> A=[3 1; -1 4; 3 -1;]

octave:21> A=[3 1; -1 4; 3 -1;] A=
A =
3 1
3 1 -1 4
-1 4 3 -1
3 -1
octave:19> [A,[-5;6;-7]1]
octave:22> [A,[2:-5:4]] ans =
ans =
3 1 -5
3 1 2 -1 4 6
1 4 -5 3 -1 -7
3 -1 4
octave:20> rref([A,[-5;6;-7]11)
octave:23> rref([A,[2;-5;4]1) ans =
ans =
1 0 -2
1 0 1 C] 1 1
0 1 -1 0] 0 0
0 0 0
ci1=1,¢c5,=-1 C12 = —2,02=1
2 17 . 2 -2]
So, ||-5 =[_1] since, 6 =[1]SIHC6,
B, By
3 1 2 and 3 1 -5
11-1]1-11 4 | =|-=5 =2|-1|+1|4|=]|6
3 -1 4 3 -1 -7
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Section 4.3 Change of Basis

A - [ -

B,

2 -5
Oksonowletx = a; |-5|+ a, | 6 | be some vector in our subspace. Then we can say
4 -7
- al - dl - 3 1 -
[x]B = [az]' Now suppose [x]B =4 |so that% = d, |=1|+d, | 4 | for the same %
1 2 2
3 -1

Then
2 -5 2 -5
dq S [1] [—2] [1 —2Ha1] [1 —z]e
=|x =la,|-5|+a,]| 6 =a,||-5 +a 6 =a +a = = X
[dz] [%s, = | 4 27‘ 1[4 2 7‘ -1l TP EPR 1 P4 ol IR 1P
B B B;

1 _2 = Iz 1 _2 . . . .
So [_1 | ] [x]B1 = [x]B2 and thus [_1 | ] is our change of basis matrix which can be made by

taking the columns to be the representation of the basis vectors in B; in B,

We have a general theorem about this.

Let S be a subspace of R™ with bases B; = {ul, uk} and B, = {v4, - v} }, then the change of base
matrix from B; to B, is given by:

= [, il - i,

So to find the change of basis matrix from B; to B, you can just find the representation of each of
the basis vectors in B; in B, and take those as columns to form the matrix.
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Section 4.4 Change of Basis

A Score Booster Problem!

If you are able to correctly do this mini assignment and turn it in the Tuesday after Exam 1 5 points will be
added to your exam score up to 100%.

You are an astronomer who is looking at a star named AOC1337. You have just been given measurements
of two radio frequencies v; and v,. According to steller physics the relationship between the the
intensities of the two frequencies I, , I,,, is
M
where the values of (a, b) can be used to classify the star.
—

A NASA satellite measures the frequencies for 5 days and obtains the set of values of the intensities as

> I, =[10 25 40 55 70  85]

I, =[-10 -15 -20 -25 -30  -35]

However an ESA satellite measured the frequencies intensities for the same five days and found

I,=[10 -5 0 5 10 15]

I, =[20 40 60 80 100  120]

NASA

50 l |

-20 0 20 40 60 80 100
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Section 4.4 Change of Basis

Clearly this data is horribly inconsistent. Using a well-known star you find that for measurements I, , I,,, that the
NASA sattelite has an insturment error given by

_ Jtrue true
L, =L,"° + 1,

true
IV2= -IVz

Where as for the ESA satellite you find it has instrument error given by,

L,

_ yjtrue __ jytrue
1 IV1 IVz

I, = Ifue +2 [iree

We can think of the errors in terms of bases, we would say that the NASA and ESA satellites are
expressing the true measurement, which would be in the standard basis, with respect to two

different bases, that is
Itrue Itrue Itrue
Vi _ Vi — Vi
]|l |l
NASA ESA
1. From the equations giving the errors above, find the bases for the NASA and ESA satellites
—_— —_—

wasa={{]. [} = (]

2. Find the change of basis matrices in the equations below

[ true | [ 1true [ rtrue | [ true
4 I\,1 _ I\,1 B I\,1 _ I\,1
Jtrue - Jtrue Jtrue - Jtrue
\¥] V2 - \¥] \¥]
) “INAsA B L “lESA )
'Itrue ] Jtrue 'Itrue | Jtrue
/C Vi _ Vi D Vi _ Vi
I 512”ue Isz‘ue I 5;ue Ji \Ezue
“INASA L ESA - “lESA L NASA

3. Use the matrices A and B to correct the NASA and ESA data, use the resulting values to find (a, b)
for the equation.

L,,=al, +b

Using the data given at the beginning. Plot the corrected data for each satellite. Use the next page to
turn in your answers.
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Score Booster Exam 1

Name
Problem 1

Problem 2

Problem 3.
a =

Include your plots below.

PID
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