Section 8.1 Dot Products and Orthogonal Sets

Back In Section 2.1 we were introduced to the dot product

The dot product: let it € R® ¥ € R™ then

This product takes two vectors in R™ to a single number in

Uyl vy R .We will focus in on this very important product in chapter
Uy | v, 8 when we talk about orthogonality. As it turns out when
U-v=|Us|-|v3|=u v, + uyv, + ugvs + -+ u, v, the dot product of two vectors is zero they are at 90° to
: : eachother. It cal also be used to determine how much of
u,| v, one vector is in the direction of the other.

As we will find out the dot product is an example of mapping from a space S — R called an inner product. For
now we will focus on the dot product itself, an inner product taking R™ — R.

Let's get some properties of the dot product out of the way,

Proof of (a)

Letu,¥,w € R™ and c € R then

Whatabout @ - (¢ w) = (@ - ¥) - w?
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Dot product to measure distance

What happens when we dot a vector with itself?

Example: calculate il - U = [ﬂ . [ﬂ

You might recall from sec 2.1 that the length of a vector is given by:

2

Magnitude of a vector let i € R" then the magnitude is |17| = \/u% +ul +ul--

In fact:

We call this the norm of i

Let i € R™ then the norm( or length of ) i is given by

]| = Vi@
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Distance between two vectors

Letu, v € R™ then the distance between U and v is given by

d(@,v) = ||d - 9|

U

&l
I
<

The dot product can also tell us the angle between two vectors.

Let i, ¥ € R™ then

u-v= ||u||||v||cos(9)
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Let i, ¥ € R™ then

i -9 = |lull[lvl|cos()

Proof: Letu,v € R"

Think about the fact that they form a triangle in a plane.

U—v
v U
Law of Cosines: c® = a® + b% = 2abcos(C) 1y of Cosines: || — 5| = |[al|” +|[5I|" - 2 ]| ||]] cosc®)

=3 =[] = [131]"+ 2| ] |151] cosce)
(@-9)-(@-9)=d-u—v 0+2@- %)) cos(6)
i-i—(d-9)—(3-d)+0 - v-=u-u+v-0—2(@ 0)(87)cos(d)
—(@-%) - (3-0) = —2(a - @) (B - #)cos()

—2(d- %) = —2(i - 4)(3 - ¥)cos(8)

(@-9) = (u-u)(# - ¥)cos(9)

Uu-v= ||u||||v||cos(9)

So what happens when the angle between them is 90° ?
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Vectors U, v € R™ are orthogonal if and only if

u-v=0

Pythagorean theorem

Let U, v € R™ then ||1_i+17||2 = ||17||2 + ||v||2 if and only if u-v =0

Cauchy — Schwarz inequality : if U, v € R™ then

- 3| < [[d]1]9]]

Proving one of

these would
make a great
quiz problem!

The proofs are
easily found
online. Triangle Inequality: if U,V € R™ then

||ﬁ+z7||s||ﬁ||+||ﬁ||
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Let S be a subspace of R™. We say that a vector ¥ € R" is orthognal
to Sifii-S = 0 forevery s € S. The set of all such vectors is called
the orthognal complement of S and is denoted S*

An easy example to visualize is that of a vector which
is perpendicular to a plane. In fact that vector can
define the plane.

a
Letu = [b
c
permindicular to ¥ going containing a point (xy, ¥o, Zo)
is given by:

€ R3 then the equation of the plane

a(x—xo) +b(y—y0) + c(z—zo) =0

Which is the same as the requirement

a X — xO
b|-|Y —Yo| = 0 thatis, that ¥ is perpindicular to
C zZ — ZO

every vector in the plane.

If S is a subspace of R™ then so is S*.

Proof:
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LetV = {8, ..., S} be a basis for a subspace S and let i be a vector. Then % € S* if and only if

- >

— - - -
U S=uU-Sy;=--=uUu-5,=0

Proof: Suppose i € S+, then by definition it is orthognal to all vectors in S and thus orthognal to the basis
vectors.

-

U - S, = 0andlet s € S then because V is a basis we can say,

- -

Now suppose U -5; = U -5, = -

§ = C1§1 + C2§2 + -+ Ckgk
And then

ﬂg):ﬁ' (C1§1+C2§2+"'+Ck§k) =ﬁ-C1§1 +ﬁ'C2§2 +-'-+2_1)-Ck§k :Clﬂ.gl +C2ﬂ‘§2 +"'+Ck17‘§k
=¢c1(0)+c(0)+ -+ ¢, (0)=0

Soforeverys € Su -3 = 0thusi € St.

A set of vectors V in R™ form an orthognal set if and only if ¥; - ¥; = 0 whenever i # j for all vectors
in V. Another way to state this is ¥; - ¥; = ;.

An orthogonal set of vectors V = {¥; ... U} } is linearly independent

Proof:
Let {¥; ...V} be an orthognal set of vectors.
Clﬁl + -+ Ck'l})k =0
5
1_7)1 . (Clﬁl + -+ Ckﬁk) == 1-7)1 . 0
C11_7)1 . 1_7)1 + Czﬁl . 1._7)2 + -+ Ckﬁl . ﬁk = 0
Consider

2 -
e1 |[B]|” + c2(0) + ++ (0) = 0

N 2
Sosince ¥; # 0, ||131 || # 0 thus ¢; = 0. Repeat with all of the vectors in VVto find that indeed if

C1Up + -+ Uy = 0 then it must be that ¢1 = ¢ = -=» = = 0 the the vectors are linearly
independent.
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Let V = {¥; ... U, } be an orthognal basis for a subspace S, then for any vector § € S we can
write § as
- - - - 175
S = U1 + VU, + -+ ¢ Uy, Wherec; = “q ||
Vi
Proof: Again consider ¥, - S = ¥, - (¢; Dy + - + ¢, ¥y ) and let's see if we can solve for c;.
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Find a basis for St for the subspace S.

]

| 2 [-1,7;1,0;0,1]
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