
In the last section we talked about an inner product on   , namely the dot product. In this section we will talk 
about some uses for this product. In particular, measuring how much of one vector is in the direction of 
another and a method for taking a given basis for a space and finding a new basis made of orthognal vectors. 

   

  

In many applications, say when comparing 
relative motion, we may wish to know how 
much of one vector points int the direction 
of another. 

Let's find the projection vector above. We will obtain it in the following way.

1. Find a vector of length 1 in the direction of   

2. Find the length of the projection vector.

3. Scale the unit vector by the length from 2.
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Let                         The projection of    onto    is defined as

                                                        
      

      
        

   

  

             
      

      
        

                

Note that we are able to decompose    into two 
parts one parallel to   and one perpindicular to   .

If we add them we get back    

                                 

So we can measure how much of one vector points in the direction of another, and further we can 
remove that from the original vector to obtain one which is periductular to the vector we were  
projection onto.  This means given two vectors we can always find from those, two other vectors 
which are perpendicular to each other.   

This might make one wonder, if I have a set of linearly independent vectors          which 
form a basis of a subspace, which are not orthognal, can I use them to find a basis for the same 
space which is orghognal?  After all, we know that orthognal vectors are already linearly 
independent so a list of them is a basis for some subspace. 
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Let's suppose that I have some linearly independent vectors for a subspace                

Let's start with    and rename it    

                     

       

Next find a vector that is orthogonal to it  using    by removing the bit of    that is in the direction 
of    . Call the result    .

So    is orthognal to    , great! Now lets find a vector that is orthognal to both    and    using    by 
removing the parts of    that are in the direction of each.  Call it     

                                   

So,     is orthognal to both    and    ! We can continue finding orthognal vectors in the same way.

                                                 

                                              
                                              

                                                                            
     

By design, because we keep removing parts that are in the direction of others the set            
will be orthognal and therefore linearly independent. Because of the independence it is a basis for 
some subspace, the question is, is that subspace the same as our orignal space   

We can prove that they are the same by showing 

                       

That is if the span of the    
 
 is contained in that of the    

  then they have to be the same because 
they have the same number of vectors. To see this let me rewrite    and solve it for    
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So         
        

        
         

        

        
           

          

          
            

Let     be given as                         can we find   
    

     
 such that 

     
       

         
   

 ??

Starting with                       Let's just write the s vectors interms of the v vectors!

                  
       

       
                     

       

       
           

       

       
             

         

         
              

Right here we know there is a linear combination of the     that get us to   !  So we can say that 
since we can reach every vector     using the orthognal vectors         that,

                       

And because both sets have the same number of vectors, there cannot be any other vectors we can 
reach with        that we can't with        so it must be that 

                       

And so we now have a set of orthogonal vectors        which span the exact same set as 

       

Gram-Schmidt process. Let        be a basis for a subspace  . An orthognal basis,         can 

be found for  and is calculated as follows. 
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Let's visualize this:
https://www.youtube.com/watch?v=Ys28-Yq21B8
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Another modification we can make to our basis is that of normalization, which just means we make all of the vectors 
have length 1.  An orthogonal basis for which the length of each vector is 1 is called "orthonormal" .

A set of vectors              is orthonormal if they are orthognal and            for each vector in the set.

If we want to normalize our basis from the previous example we can just divide each by its own magnitude.

  
 
 
   

  
 

  

Projection onto a Subspace: Let  be a nonzero subspace with orthognal basis          . Then the projection of a 
vector    onto   is given by,

                                                                    
         

        
         

         

        
           

         

        
        

Let  be a non zero subspace with orthognal basis           , and let       . Then,
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Summary of some projection properties
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Application Project

One really cool thing about light is that specific atoms emit specific frequencies of it. This means that if you 
could directly measure the frequencies of light coming from an extrasolar planet, you could determine its 
chemical composition. So you could look for water and signs of life!

You have been busy looking at a time series of light intensity data of 10 frequencies coming from the planet 
GND-01 which orbits the bright star AOC1337 to see if it has life. However, GND-01 is orbited by a lot of 
moons which have no life and light coming from then has polluted the signal from GND-01.  Luckily, we know 
that these moons orbit the planet very quickly and so the intensity of the light at their emitted frequencies 
varies wildly in time while those coming from GND-01 are more steady. 

Given GND-01's distance away the intensities of the 10 frequencies that would imply that it is earth 
like should be on the span of: 

   

 
 
 
 
 
 
 
 
 
 
  
  
 
  
 
  
 
 
 
   

 
 
 
 
 
 
 
 
 

That is if our measurements end up being a multiple of   we can say that GND-01 is earth like!
Unfortunately when you plot each measurement taken over 100 months you see the effect of the 
moons interference! The measurements are all over the place! However we would expect the 
interference to have mean zero, meaning if we average with enough measurements it should wash 
out. 

However when we 
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Your job should you choose to do it is to show for the data set GND01.mat,  which you can find on Sakai in the 

resources folder , is to show that the average of the data is in the span of    

 
 
 
 
 
 
 
 
 
 
  
  
 
  
 
  
 
 
 
   

 
 
 
 
 
 
 
 
 

.  

That is I want you to show that the projection of the average measurement vector, call it      
   onto   is itself which means it is on the span of   . 

That is show       
             

Further I would like you to determine the multiple  such that          

If you successfully do this you may hand in the Octave or MATLAB code you used with the 
appropriate outputs to me as a quiz replacement. 

The data in GND01.mat is organized as a 10X100 matrix where the first column is the measurement 
of the 10 intensities on month 1 the second column month 2 and so on. 

Here is what the first 14 columns looks like
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