
The concept of "Least Squares" will come up in many different forms for many different problems, but at it is always 
a minimization problem.  Let's frame it for this class through an example we studied at the beginning of the 
semester. 

Brine Volume Fraction  

0.068309

0.066612

0.05029

0.04422

0.057476

0.063163

0.0534

0.061583

Conductivity  

0.00897

0.006353

0.003431

0.003045

0.003223

0.005508

0.003045

0.006294

Archies Law      Physical Modeling

                 

-1.16552 -2.04721

-1.17645 -2.19704

-1.29852 -2.46455

-1.35438 -2.51647

-1.24052 -2.49179

-1.19954 -2.25902

-1.27246 -2.51637

-1.21054 -2.20106

We can change this to a linear equation!

Sea ice brine microstructure.
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-1.16552 -2.04721

-1.17645 -2.19704

-1.29852 -2.46455

-1.35438 -2.51647

-1.24052 -2.49179

-1.19954 -2.25902

-1.27246 -2.51637

-1.21054 -2.20106

Last time we just chose two of the points and found the line that went through them. This time let's ask the 
question: What is the slope and y intercept of the line that is as close to all of the points as possible.

                   
                    
                    
                    
                    
                    
                    
                    

        

Here there is no solution since the points we 
have don't actually fall on a line, that is, there is 

no    such that                 based 

soley on this data. We could just choose two 
points, but the question would be which two? 
Further we want to consider all of the data so 
what can we do?
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We can't solve           so instead we will consider the problem           where       is made of y 
values on a line where that line minimizes the sum of the squares of the distances between those y 
values and the y data points. That is, we are going to select from       the vector that best 
captures the data. 

Let            such that         

        
          

                 
          

         
     

 

         
     

 

           
     

 

 

From this system we can get the least squares solution to the problem. That is     is the solution to 
        which we know will exist since            so we just need to find this vector!

In order to find this magic     we use the following theorem

                                                                                

                                                                         

So with this theorem if         the vector we we want above is just the                     

which we can calculate easily! We would just Gram-Schmidt the column vectors of A to get an 
orthornotmal basis and then project       on to the orthornormal basis. 
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We can solve         because                          , but note there would be no linear 
combination of          that could get us to       .  So, instead we project it and find the vector in the 
column space of  which is closest to       .

A diagram of a situation we can visualize. Suppose we measure 3 data points to which we want to fit 

a line.         

  

  

  

 our system,           would be:  

      

      

      

  
 
 

   

  

  

  

   .

An algorithm for doing this would be the following. 

1. Apply the Gram-Schmidt method to the column vectors of                to obtain an orthornomal basis, 

          for        

2. Now that we have an orthonormal basis for       , call it we can project       using the formula

                                                                         

3. Solve the new system         any way you like to obtain the least squares solution     
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No solution to the system above 
so we project the data to the 
column space of A and solve that

                   

The best fit to the log- log dataGoing back to the original variables

Not bad! This is in fact the best possible solution we could find given the data. 
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In the work we just did we took a system       which had no solution and projected the vector   onto       to find 
a right hand side,          that permits a solution to exist and is as close to the orignal   as possible. Then we just solve the 
new system. Hopefully this is somewhat intuitave that this should give us the best possible soluton we could have. 
However, there is another way that we can think of this and it produces the exact same "best solution"     .

If  is an    matrix and      then the least squares solution to       is a vector        

such that :

                                                                            for all      

This definition is just saying that the least squares solution should be the vector   that minimizes 
the distance between    and   . One thing to note, if the system has an exact solution, then it is that 
solution that we would find since it makes the distance as small as possible, namely 0.

Another way to find     .

The least squares solution to           is equal to the set of solutions to the system 

                                                                       
Which we call the normal equations.  If  has linearly independent columns, then there is a unique 
least squares solution given by 

                                                                      
  

    

If the columns of  are not linearly independent, then we have infinately many solutions given by 
the same formula above. 

     
  

  is an example of the Moore-Penrose Pseduo Inverse.(Something fun to google.)

A =

   -1.1655    1.0000
   -1.1764    1.0000
   -1.2985    1.0000
   -1.3544    1.0000
   -1.2405    1.0000
   -1.1995    1.0000
   -1.2725    1.0000
   -1.2105    1.0000

xls=inv(A'*A)*A'*lsigma

xls =

    2.4123
    0.6539

We could solve our problem from before much more easily!
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The least squares solution to           is equal to the set of solutions to the system 

                                                                       
Which we call the normal equations.  If  has linearly independent columns, then there is a unique 
least squares solution given by 

                                                                      
  

    

If the columns of  are not linearly independent, then we have infinately many solutions given by 
the same formula above. 

     
  

  is an example of the Moore-Penrose Pseduo Inverse.(Something fun to google.)

Proof: Consider the problem we solved before,

                  

Let     be the solution to that problem. So that we have the equality

                    

At the very least we know that if we remove the part of   that lives in the       we will get a 

vector orthognal to       , which would be a vector in         
 

.  Thus we could say, 

                           
 

We want to show that if      solves the above equation then it solves          . 

In indeed     is a solution to            it must be that. 

              

              

                       

So if     is to be a solution it would need to be that                           Let's see if it is.

Ok so if we can show that         
 

         then we know     will solve          .
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Suppose that            
 

this directly means that   is a vector which is orthogonal to all possible linear 

combinations of the column vectors of  . So if                   then   would need to satisify,

                          

                              

       
 
  +       

 
            

 
    

 
 
 
 
 
        

 

       
 

 

       
 

 
 
 
 
 
 

    

So we can say        

 

  
 

 
 
 
 
 
        

 

       
 

 

       
 

 
 
 
 
 
 

 

  
 

 Noting that         
 
          

 
   and       

 
        

 
  

span the exact same space it must be that 

    

 

  
 

 
 
 
 
 
        

 

       
 

 

       
 

 
 
 
 
 
 

 

  
 

     

 

  
 

 
 
 
 
 
      

 

     
 

 

     
 

 
 
 
 
 
 

 

  
 

         

So, if            
 

then            and since each space would have the same number of basis vectors, 

    one is contianed in the other they must have been the same. Infact         
 

          

So                        

              

              

           

So we can find our least squares solution by just solving           !!
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Exam 2 Score Booster for this score booster you have two options. 

Option 1:  Analyzing Real Data

Yearly Average Amount

Since 1958 The Mauana Loa Observatory has been monitoring the amount of C02 in the earth 
Atmosphere.  You can see this data in the plots below, clearly it is increasing, and geological terms it 
is increasing rapidly! Note the wiggles in the left figure, they represent seasonality. In the winter 
the Northern Hemisphere plants stop trapping as much Co2 and the amount goes up a bit, in the 
summer they trap lots and it goes down a bit. Neat! One very interesting question we might like to 
answer is how is Co2 increasing? Is it linear, exponential, quadratic? In the plots below there is a 
slight curve in the data, but it almost looks like a nice line as well. Your job will be to find least 
squares solutions to the data for the following function types:

     

          
      

For the data found in the Co2yearlyaverage.txt file on Sakai in the resources folder. Note you won't 
need the uncertainty listed in the third column of the file for this.

In your analysis take 1959 to be year 1. So your x values will go from 1-60 with your y values the 
corresponding amount of    that year. For each of the function types above find the lest squares 
best fit. Plot all three on the same axes with the data points themselves and decide which you think 
fits best. For credit you will need to include the matricies for each linear system you write, the 
values given from the least squares solutions, your plot as described above, and the code you used 
to solve the problem. You will need to upload all of this as a PDF to gradescope no later than the 
Tuesday after the exam.
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Here is a bonus chart related to the previous problem.

This chart shows global Co2 levels inferred from glacial ice core data along with our current level of 
C02. Notably, an increase of 100 ppm naturally takes 5000-10000 years or so, we have done about 
the same in 100! 
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Option 2: In Experimental science least squares solutions are all over the place! Often we suspect a particular 
algebraic form models a real phenomenon and want to know what its parameters are.  Given that 
measurements always have error we take lots and often end up doing least squares. 

For this option you will conduct a simple experiment to measure the acceleration of gravity on earth. 

What to do: 
1. Find something that won't suffer too much from air resistance. 
2. With a timer drop it from different heights and measure how long it takes to hit the ground from those 
heights. Make at least 10 measurements. 
3.  Physics says that the height of a falling object dropped form an initial height   is given by

                                                                          
 

 
          

So the amount of time  it would take for the object to get to    from   would be 

                                                                               
 

 
    

The data you take will be t's and   
    . Take your 10 measurements and creat a linear system to find the least 

squares value of  ,the acceleration due to gravity on earth, that gives a best fit to the data. 

For credit you will need to turn the following things in PDF form submitted to gradescope no later than the 
Tuesday after the exam. 

1. A picture of you dropping you object 
2. The linear system you used to solve the problem
3.  A plot of your best fit curve with your data points
4.  The code you used to find the least squares solution. 
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Together in Octave!
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