Section 9.1 Linear Transformations

v

Let V, W be vector spaces. Then T:V — W is a linear transformation if for every v,, v, € V

(B) TCeN) = <T(V) N Gy~

(@ 1(5+5;) = T(5) +T(5:) {6
il d
- el

This is pretty much the same definition we had in section 3.1, however now we allow for general
vector spaces!

Let T:V — W be a a linear transformation T (%) = w.

P

We call the set of input vectors {#} € V the Domain of T_

We call the set of output vectors {w} € W the Codomain of T_
For a specific vector ¥ in the domain of T we callw = T () the lmage of4.under 7

The collection of the images of all of the vectors in the domain is called the Range of T (range(T)

The set of all input vectors {.ﬁ}-E—*‘guch that W) = is called the Kernalof T (ker(T))

s

Let T:EZ — P2 be defined as / '&?
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Let T:R? > P% be defmedqas T([b])—ax2+b
> | > Ca,
Is it linear? V"E b,z \, /E b
(a) T(ﬁl + 1_7)2) = T—(I—_}l) + T! 1-7)2 )
b +ba)
v = q +h, \ X el
/<V+7D,|£b+b1 @ )

~1h
v +'<{i:&>’ a xﬁrb( r ) e
‘(VDI)—{(Q [/ ‘b xv,l, 3,14-1:;

<O\l ’\’C\LBXFL ’\'6"1*\9&3

<\

oreaw <E i) g
‘T(cv)/T[Cq} Cax+chb = CC‘“‘”’)&—/

Let T:V — W be a linear transformation then ker(T) is a subspace of V and if S is a subspace of
V then T(s) is a subspace of W -
Yy henfis)1s asubspace ol I

T(s) 'S A4 SubSpace

Proof:oiiS(/W‘a S ‘.S x SUESPF/LCQ ot \/ Shov s o
T(oN=0
s Oméf(g) Q€S T(0) = Ow
’
> C AdoeS t«JJrW«é TCs) s
Lob W dz 67(5) +hen o are [ .
) > 2 T(s) becavs® U;*‘/Lﬁs
S L2 = TUNATR) = TEVE ) <1
1 2
Te e T(S) Jes coeTCs) ¢ )
(3 - Ty TS <) b
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LetT:V — W be a linear transformation then

(a) T is one-to-one (injective) if for every vector w € W there exists at most one vector v € V such
that T(v) = w.
(b) T is onto (surjective) if for every vector w € W there exists at least one vector ¥ € V such that
() =w

"/

one-to-one onto

neither

vV o,

" o+ A (SUm ef +he
aVCXZd A'@&O ( @lomnf

\

Let T: R?*2 > R be defined as

T(A) =T ([C-lll Z“]) = tr(4) = a1 + ay,

Is T onto?

Lt be )QO d }} Oth = b
A e\

IsT1—-1?

Lo belll Tk — @ Q‘Lj — 0tb =
l a\L( L
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LetT:V — W be a linear transformation, then T is 1-1 if and only ifT(ﬁ) = Oy only has the
trival sollution of ¥ = 0. ;
—_ =

)
- N~ \,\ . . . . - -
Suppose l(_@_aQw onlyhs the trival solution and that T is not 1-1. Then there should exist v, v,
suchthat T(%,) =T(%,) =w___ )
Q)) — @ Dy
i’ I
T(%,) — T(%,) = 0, And because T is linear...

~> — Py _
TCV/\+ ( (’\/7,) - Ob\]

Suppose T is l-!

Suppose there is some ¥; # Q such that T(7;) = 0,,
P Vg

— Let V be a vector space and suppose that ¢ € V. Then,

(a) OisavectorinV then®+0 = o

But 0 (T(ﬁ1)>= 9/(\0/‘”) and we proved in section 7.1 that.... }?)} if = vis the additive }n:)e:;\z;,; ::';hen U+ (=% =0
(o-v=0&"
R (e)—1-v=-0
—_ >
o1(y)= Oy 7(V,) = Oy
T/ A7\ = O
[ (0V )= Ow 1(0)) = O
5 gvce T s (-
T ( OV} = w/ >

V. =0y
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Let T:V — W be a linear transformation. Suppose that S,, = {vl, . vk} is a subset of V

and S, {W ,e_k} as subset of W with T(vl) w; for each vector in S,,. Then if S,,,
is linearly independent, so it S,,

Proof.

e

Start with ¢;U; + ¢, U, + -+ ¢, U, = 0y, If the ¥'s are to be linearly independent than the only

solution to the equation should be all of the c's being zero.

C 20 7 "R TO

Now we assume the w's are linearly independent and we examine keeping in mind that T is linear
T(Clﬁl + Cz'ﬁz + - Ck'l})k) = T(Ov)
—_—— 4 —_—
) - D
(CI I) A ) (()_Vb\ D 4 !((K\/K) - Ow
2
o7 w»+w210/>+~wcnfwa)

o
C| W, ‘f‘() uJQ + """Cl«wl/\ = OW

C,i (o z---=C =

/\ —_—
\ % G §alx) +G OS] = O

( 2C,

Prove that {sin(x), cos(x)} on C(R) are linearly independent by finding a linear transformation €2 =0
L 1] [0].
from them to the linearly independent vectors [ ] [ ] in R? .
YREEPEEEEEE lo ) L] _ _[5myr5UR)
1($+9) =
Sta \+§ (o)

7 (%3( L%(%Jj
/V\('L\ B /\ - ,
T(smea ) = gﬂcml’gj Z“a( )
T <(05(x)-> ::gﬁ(/oi Z j

= Gin(#) | COS(D ave LI

T)+T(5) < ﬂ@z 9w
9 A Eﬁ(a)

T(c$= [ cH(Y ]
[ $(0) éfo)}

- /3 Lu,\eo(\/u
/ —C ()
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Let T:V — W be a linear transformation with V and W finite dimensional. Then,

dim(V) = dim(ker(T)) + dim(range(T))

Proot T =T (i TU)/‘T( A

Let {¥;, ..., Uy} be a basis for ker(T) so that dim(ker(T)) = k now extend the list with {T1, ... U}
to obtain a basis for V of = — —_—

- - - -
{V1, o) Uy Vg1 s - U }

So here dim(V) = m

I

Now take ¥ in V using our basis it can be written in a unique way as,

1}) = Clﬁl + Czﬁz + -+ Ckﬁk + Ck+113k+1 + -+ CmUm
/—, —_—

Now we examine T (V) keeping in mind that ¥, ... U are in ker(T"). Our end goal will be to show that
the linear transformation of all of the {¥y,{, ... U} form a basis for range(T) if so then then it is
m — k dimensional and we wil have our theorem!

PN VT DU S
- £ Vet J’\I "

E 3 . Cﬂ =0 Aim ( rl“mé,e(rj):m—k
ym) ‘ /s

/((((‘/V]( ey [T>) _ K J(\VV\{[QWX (’TB}:(/\/\V/,(
lefm-k = wr=dun (V)
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LetT:V — W be alinear transformation with V and W finite dimensional then,
(a) If T is onto, then dim(V) > dim(W)

(b) If T is one-one then dim(V) < dim(W)

Proof:

fT is onto w = range(T) so dim(W) = dim(range(T))

PR R
So dim(V) = dim(ker(7T)) + dim(W) so if there is any thing in the kernel we add that dimension
to thatof W and (a) istrue. — | —

A (ravge (T))
If Tis 1-1 then dim(ker(T)) = 0

So dim(V) = 0 + dim(range(T)) and either range(T) = W or it is not onto and range(T) ¢ W
and so b is true. @~ ——————— — —g=vI =7
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Q=1119,

5}, L ( ear'y &‘l/’{*\&&/{f
é( 4, 2 basis col (A)
O

9
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if £5on ZQ -7, % brsis
—_—
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cef 4
; . (304, , - - 1107,
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%/
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ek | aR=a

cal (A)= Span g él QK"}
_——

1 _
(col(A)) = NI [/‘\’)
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