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Let's now start solving some PDEs! To start let's deal with the 1-d heat equation with no sources
and a temperature of zero at both ends. That is we will solve:

— = k——— for O<x<L and t>0

at
-

_
BCs: u(0,t) =0 <

N~N——

u(ll,t) =0 £

IC:u(x,0) = f(x) >< »—:D

To find the solution we will apply separation of variables a trick which will turn our PDE into two ODE's which we will be
able to solve.

The idea behind separation of variables for PDEs is that our solution u(x, t) is simply a product of a
function of x and t, that is u(x, t) = ¢(x)G(t) Let's see what this would say about our PDE:

2 0CLD = k Q/ @ (X)G )

b0 —9—@«) = x gm <I>b‘)
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So now we have a statement that says two functions of two different variables are always equal.
The only way that this can be true for all x, t is if both are constant:

2
1d6_1d% tant %:k%
———=——— = constan
kG dt ¢ dx?

o= D

We then have 3 possibilities for that constant, either it is positive, negative or zero. One very important
guestion we will have to answer and which will depend on the PDE and boundary conditions themselves
is which type of constant we have. We will typically choose the sign of the constant based on physical
considerations as well as to avoid a trivial solution.

What is the trivial solution? The trivial solution is the solution that is always the solution, the zero
solution(u(x, t) = 0) it tells us nothing about the system and by the superposition principle is always
part of any solution to any homogeneous PDE.

Let's go through the cases before us and decide on what type of constant we should have for the heat
equation with zero temperature at the ends. Before we do so | am going to confuse you with a minus
sign. We will choose our constant to be 4 and write our problem in the following form:

1dG _ 1d%¢
kG dt ¢ dx?

Thus if A > 0 the constant on the right hand side comes out negative, if A < 0 the right hand side is positive.

For this particular problem, it is convenient. It turns out, as we will see ,that we will want the right hand
S~—
side of our equation to be negative both for physical reasons and to avoid a trivial solution.

Further A will actually take on specific values which are positive, also in order to avoid a trivial
solution.

In this way it is convenient to use the negative of a positive number on the right hand side.

Let's run through the cases that lead to trivial solutions then finally find the true solution.
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Case 1 (A < 0) (apositive right hand side)
o

1de_1d%

We have that : WCdr ¢ an
- S
Which we can separate this in to two equations each of which gives us an ODE to solve:

™ - 20
1.dG = 9—% =-A 4
——=—-A|and| ——— = — é 2« 2
kG dt o0 -0
Let's focus in on the ODE'in x: 624’ f _—a’;"— o= é((o)CO
o= 7ol 970
That is we will solve %}f + A¢p = 0 keepingin mind that u(x,t) = G(t)d(x) andw (0, t)(= wbri—8
" _ . —
O*N=C Y A=6  [Z-n [z2fFA
():’T)( -J:;\.K
dPn= <, < +<Cr e
JAX - FAx
Uln,®) = ge) dix) = &eer(c,@  +6.€ ) v(o,&£) = O
Jma0 — Jj\o
GlI(ce e =0
GCw G+)
Ja2  —J-ma0

e d6e =O — @lo)= O

[crazol —= @r

V(L =0~ dH=2
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Case2(1=0)
1d6 _ 1d%*¢

We have that: — ——=0
kG dt ¢ dx?

Which we can separate this in to two equatlons each of which gives us an ODE to solve:

ITINRTORPE S L ST
kG dt ¢ dx? Ax*
Let's focus in on the ODE in x: W(L,-U'; o
That is we will solve %(g = 0 keepingin mind that u(x,t) = G(t)d(x) and u(0,t) = wB+H= 0
o
74
A -
Ui, 6)= 0> PU)=0
2 _(

cPOQ" C‘)(-]—C-L ) Clio Since L FZO

U(ore):o —D Cb(@ =0

- OX 0O
Plo)= ¢ (o) +( = O ?-=

¢, =0 Px)= O

U €)= GlE) 90N = Cle)O)

Triveal Saoldte o
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Case 3 (A > 0) (anegative right hand side) .

We have that: —%¢=1%¢_ _) W X

ehavethat: o at ~ pax?  —— L/’MJ” 6 :[OS(X)-’-(:SI‘A()()
Which we can separate this in to two equations each of which gives us an ODE to solve:
2 T

1 dG 1d%p | 29 A Q‘P*,/\(P
——=—-1 and ——— =-1 — ~ —

kG dt ¢ dx? CP ;Y 2X

2
Let's focus in on the ODElnx 20 ‘1”\<p o u(L, )= 0

2X+
That is we will solve — + A¢p = 0 keepingin mind that u(x, t) = G(t)d(x) and u(0, t) = wbFr—=6—

CP+/\<{>:O FAAZO (2 A  (=%JA

D)= C costIRX) +G Sm(JAX)

Ulo =0 —> olo)=—o

6
/
Plo) = ¢, ¢ TAQ)| +(2S/‘1%7\\/o)):0

=)c|= O P SoL = N
=) ) = ¢, SIAX) A ,AZ

UL, E)=0 — @lL)=0

Sy
Pl)= ¢ swPAL)= O A ’( L )

| pon=c s g)”»()

T 2T
{ 3

jﬁ\%\f\J/\z\ G x)= CLS)V\(%)_X]

o)== ¢ n (Me))= o

ALY =( Svn y) /(s.v‘(wnw),
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Case 3 cont.
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2
So we only have a non-trivial solution to our PDE when A = (nL—n) where n=1,2,3,...indeed 4 is a special number not

only because it determines when we have a solution but because it is an eigenvalue of our ODE.

Recall that an eigenvalue is a number such that when an operator L is applied to a function it returns a
multiple of that function, that multiple is our eigen value.

This whole time we were solving an eigenvalue problem with L =

d
d? —
L¢=W¢=A¢ —’)X z Ad)

For our boundary conditions we foun and bn = sin(E x) ,n=1,2,3,... The functions we get
. ——

are called eigenfunctions.

The solution to our ODE which was the sum of all the eigenfunctions is called the eigenfunction
expansion - )
e 4o 54, = Gadd
L (P 1 @ ¢/ 2 ¢y [y\<| CX\
h=1 not

It is important to be aware of this terminology as this type of problem will come up again.
Due to the frequency of the eigenproblem lots and lots of mathematical theory has been developed

around eigenvalue/eigenfunction problems knowing when you have one allows you to apply the many
useful theorems that those that came before have developed.
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So we have half of our problem solved, we know ¢p(x) = cpsin (nL—n x) ,butu = G(t)¢p(x) so we still need to solve our time
"

dependent ODE:

2
And we know that A = (EZ—T)

— 42 (])
At

Ké

& (7- ga&{—
(

go*g Gz wat
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G =(Ce
(2 )« &
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Lxn = G e U 1) =C W 0,8

2
So we only have a non-trivial solution to our PDE when A = (ﬂ) where n=1,2,3,... "’Tq'e:é
t _«(%F]

S 5.3 . ; . T
GH)= S KEETE QCX):CMSlM(fx\ = 0 (xt)= (¢ G Sinz A

All of a sudden this means we have lots and lots, infinitely many in fact, of solutions to our PDE\ B
n

2
U, = Bne_k(nL_n) “sin (nL_nx) forn=123,-
Y

To that end we will have to apply the principle of superposition in order to define the one true solution
that is we will just create a solution which is a sum of all of the solutions.

nm\2 ni 'D{ _
u(x,t)—ZBne K(T) tsin(Tx) ( VS 1 € lo}
St Som
= 4o $(x)
How do we then determine the coefficients B,,? Let's first consider the easy case when our initi ?,‘«\ Qo

condition is made up of our eigenfunctions. u(lx, o) = —?()( )

Suppose u(x,0) = 4sin (ELE) + 6sin (EZ—X) + 3sin (100nx) - gl()( ) m

L

—_

0
o
oz -—[’\éﬂb:)@) y\n-' N Vlﬂ'x _ 'g_(
. — §.m — _ )(
wol

h=1 ////
) \ oo rx
5 B, sial0¥) wvn ()
n<! 0
7 ) & /
sia(EK) +8,7T) -
=(Ysin( Eg] +
=
_ — Sov al/
&: H 53 = ¢ IEV\’O‘?M 2
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What if our initial condition is not made up of eigenfunctions?
Suppose our initial condition is u(x, 0) = f(x) for some function of x then we can write

u(xO)—ZBle%T sm( ) i sm( ) f(x

—_— n=1
—_—

Or just that: n
fx) = Z B, sin (Tx)

n=1

The trick we will use to find B,, will be to multiply both sides by sin(%x) and make use of the fact
that: —

0 whenm #n

Jsin () () ax =1 .
Osm Lx sin LX X = 2 wWhenm=n

2

Which you will prove in your homework.:)

For now let's find B,,!

y r
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Homework Example: #3 (d) ‘

Solve the heat equation

Z_T::kgi_z for O<x<L and t>0 T - I
| =
BCs: u(0,) = 0
u(L,t):() \ \ \
/_/
. for0<x % 8’(’() 234 __(Af-r?.mf/
IC:u(x,0) = 2z
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