Sec 10.2 Derivatives and Integrals of Vector Functions. € (1=

We define the derivative of a vector function in the same way as for functions of one variable.

The derivative r’ of a vector function r is defined in much the same way as for real-
valued functions:

dr t+ h) — r(d) —~
m — = r'(f) = lim o rl é
dt h—0 h

We also have out limit theorem for vector functions

m If v(0) = ( A1), g(0), h() ), then

lim r(f) = (llm (1), llmg 1), lIm f}(f))

provided the limits of the component functions exist.
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Theorem If r(t) = ( £(2), g(2), h(0)) = f(B)i + g(8)j + H(H) k, where f, g, and

h are differentiable functions, then

()= (f(0,¢'(0), W) =i+ g'()j+ Hk
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Sec 10.2 Derivatives and Integrals of Vector Functions.

Graphically, what we are doing?

i
=

rit+ h)—r(f)

(a) The secant vector

r(t+h)—r(t)

(b) The tangent vector
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Sec 10.2 Derivatives and Integrals of Vector Functions.

Hw Example
(a) Sketch the plane curve with the given vector equation.
(b) Find r'(4).
(c) Sketch the position vector r(r) and the tangent vector r'(z) for
the given value of ¢. o
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Some times we are only interested in the direction of the tangent vector if that is the case we can find
the unit tangent vector.
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Sec 10.2 Derivatives and Integrals of Vector Functions.

HW Example:

21-24 Find parametric equations for the tangent line to the curve
with the given parametric equations at the specified point.
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Sec 10.2 Derivatives and Integrals of Vector Functions.

Differentiation Rules

The next theorem shows that the differentiation formulas for real-valued functions have

their counterparts for vector-valued functions.

Theorem Suppose u and v are differentiable vector functions, c is a scalar,
and f is a real-valued function. Then

1. %[u(r} +v(n]=ud'() + v'(2)

§ee)

r

3. i[ﬂ{e‘]u(r}] =f'{r]u[r} + AHu'(t) —> Siu) £ oS ) )t )
(o8 L*)é/os(éj,\eL)

+ Sin L-é) -9 .\-—\-é' ),.e)

Ta

d L
2. E[m{r]] = cu'(1)

A, —[u(e‘) vit)]] = u'(8) - v(t) + uls) - v'(2)
—r— 1= &
B, ?d[u(r) X v(n] =d'(8) X v() + M ? et

b. E [w (Chain Rule)

Scale i ko
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Sec 10.2 Derivatives and Integrals of Vector Functions.

Integrals

The definite integral of a continuous vector function r(#) can be defined in much the same
way as for real-valued functions except that the integral is a vector. But then we can
express the integral of r in terms of the integrals of its component functions £, g, and h as

follows. (We use the notation of Chapter 5.)

[ (0 e = lim 3 o(17) At

n’J_“:’; =1

= lim [( E ft") &r) i + (E g(t") L\.r)j + (E h(th) L\.r) k]
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and so
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