Sections 9.3 and 9.4 Dot and cross product

We have talked about adding and subtracting vectors but we have not yet talked about multiplying them

The Dot Product: The dot product of two vectors comes from the idea of work. Work is only done in the direction of motion and
if the force is not in line with the direction of motion we need to find out how much is.

W= F/D\ = |F) cos®) 10

w = | F[IO|cos &

Definition The dot product of two nonzero vectors a and b is the number
a-b=a||b|cosé

where 0 is the angle between aand b, 0 =< 6 < 7. (So 6 is the smaller angle
between the vectors when they are drawn with the same initial point.) If either
aorbis 0, we definea+b = 0.

Sec9.3. 9.4 Page 1



Sections 9.3 and 9.4 Dot and cross product

What happens if two vectors are at 90 degrees? What about 0 degrees

A

A

-
B A L
[ A = ’ﬂ,(lé[ COS(O)
o
[al (6] 60/5/((/:3 What about 180? A-b = lq[( )O,

a-YL=-o
_ ~——
PRI W

> >0 T
A bz |l con () = ~ (1%

Which angle should you use to calculate a dot product?

E Two vectors a and b are orthogonal if and only ifa - b = 0.

————————————
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Sections 9.3 and 9.4 Dot and cross product

Another way to calculate the dot product.

T = lq/7'+/blz — o lallk] ¢35 ()

Jheal = lai™ +1h1 «LW

A b
Ul blGse = ol = lb-a)

> (o) - m) km)@»ﬂ\{b{&\§
)

-
b

b
2la-%)= q, —M\ +& H, Ha .—@ -4\ "‘Q’ —9) _l-(\, »q};j
YUab) = ﬂﬂ{r;}“j?{//l/% /&lq}\%
,.{.1& by -

ﬂ%‘#’l—“s” 7«/
2(a5) = Q= é( +2a, b, Fday by

A

AL = A5 T4 *"c‘sbj

The dot product of a = (a,, a,, a;) and b = (by, by, b;) is

a-b=ab + ab, + a;b,

¢

N
Example Calculate <1,2,3>4<4,5,6> = L ,,&'\ —+ 1[ q’\ + 3(6\ - l/l 4‘(() t‘\ 9 :@
TSV
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Sections 9.3 and 9.4 Dot and cross product

0(‘2Z4kl/[)'j«57 b = Lb[;él’)!)57 <’;<Cl)ét)<f7
Properties of the Dot Product If a, b, and c are vectors in V; and ¢ is a scalar, then
1. ara=|al —= 2 a-b=b-a

—>| 3. a-b+c)=a-b+a-c 4. (ca) b=cda-b)=a" (ch)
5. 0-a=0

—_ . q, .
/a, ,\37,(_% 41‘1&7, q,.9 ¥4,°9 +49,-4
) ) ) te 2 2, 1

L R —) _
= a5 afﬂ—ag [alZ é 4(4'4'&,/ HJQ =, %

A= < 1, L7 L= 3,4 > L= 2Z§ L)

0&;%) = £ 06,25 (B,u> ¥ ,67)

S LI, yD s L g 02 = ()9 + 2L9) =grio
= &€

oa.b+al o LD L3 HY + L1275

= 1) (M) + ((§) +2l6) =3+ & AV FLL
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Sections 9.3 and 9.4 Dot and cross product

Projections : How much of one is in the direction of the other. Q

3

b (o> eé= —
L )
M=
; % >
U:,Q\—- D 0
14l N~—
— |b|s& abz gL e
- T N
=2
- a.b D~ @
> A2 5 DE
D=z Com{- b = J
- a, A _
> — - i —
S ;’; A - A\ - & — A
O = try5 af i) el
Scalar projection of b onto a: comp, b al;h — Sce lovn
b : Vecyo v
Vector projection of b onto a: proja b = (a|a|b |2 = Ta ]3 a é
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Sections 9.3 and 9.4 Dot and cross product

1. Which of the following expressions are meaningful? Which are A, lo e B 0 ’ A
meaningless? Explain. — ) )
' Babe —3 (LG, 6P

© la|(b- 0 da-(b+ 0 _ RN
W%};—{b+c) 55,662 G = <\, U"(7
—_ <
) C - §J‘7

ﬂ

=~ - |
g L(,'7~7f43,~(74—6€/57&m StY |

- < ¢ 1<%
[+ <547 AU 77N

—_

—_—
< % A q > — |
37. Find the work done by a force F = 8i — 6j + 9k that moves ) J
an object from the point (0, 10, 8) to the point (6, 12, 20) along
a straight line. The distance is measured in meters and the force
in newtons.

- \
3= (o) = (o,10,8) = Limty 110,159

- L 6,2 17
W=I1F||N]ewse = F-D

w3 _¢ L L6217 =2%6) —e2 +3((>)
R A i NP S
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Sections 9.3 and 9.4 Dot and cross product

Another way to multiply vectors is using the cross product. The cross product comes from the idea of torque and is only calculable
for 3 dimensional vectors.

/f‘\

]?}’) = FE~ | = [Flshe trl

/
/Zj[" l-[;;(_[;/;[St\V\G

Definition If a and b are nonzero three-dimensional vectors, the cross product of
a and b is the vector
ax b=/ al|b|sing) & +or axh
| A ( ve<
- nogrra
where @ is the angle between aand b, 0 = # = 7, and n is a unit vector perpendi- _
cular to both a and b and whose direction is given by the right-hand rule: If the a/ b

fingers of yvour right hand curl through the angle # from a to b, then your thumb
points in the direction of n. (See Figure 3.)

FIGURE 3

The right-hand rule gives
the direction of a = b.

0[)(\9 '\( l{\ﬁ S,V!Q)w a > b is orthogonal to both a and h.
_
: ,((AM(@)\'U) -0 —
—

¢ G

Two nonzero vectors a and b are parallel if and only ifa *< b = 0. /%QJ DJ 0>

q—
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Sections 9.3 and 9.4 Dot and cross product

Crossing the basis vectors i=<1,0,0> j=<0,1,0> k=<0,0,1> Recall that they are unit vectors and Lets apply the right hand
rule......

( L -
-—k_—:.x,e@iujl sa‘nCS\\ n :A)(()S/Z(‘%l n = n
Ixi=
Ixk=
KxI= ,-‘)
Ixk= = L
K xj= L
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Sections 9.3 and 9.4 Dot and cross product

Properties of the Cross Product If a, b, and c are vectors and c is a scalar, then

. axXb=-bXa
2. (ca) Xb=claxb)=aX (cb)
3ax(bb+c)=axXb+axc £ AR ST SI

4 a+b)Xc=aXc+bXc £
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Sections 9.3 and 9.4 Dot and cross product

Properties of the Cross Product If a, b, and ¢ are vectors and c is a scalar, then

1.aXb=-bXa
2. (ca) X b= c(a X b) =a X (cb) e"
Another way to calculate the cross product:
3ax(b+c=axb+axc &=

L@+bXc=axXc+bxc &

Suppose we have a=<al,a2,a3> and b=<b1,b2,b3> Lets decompose
these into a sum of their unit vectors and calculate the cross product.

CL) = +R OXKZ s

- y “:-l/ ~__"
1= 4“(,“1,&3? LAu=E ko =
T KACT =5 ixkzZJ

a, P t}o,o? +q)_£é|\107 +ag colo\!?

>

K

— ~ )

a = QL +4 J +a43 K
b bye +h o by K
a

N i L d < \ )
[a/,, +a, x—%KX X 5,0 + (O\'bﬂul)_f) +43”~>>< E-’_;J
W

+ (. 0 Aay k) X bz K
—— S S

(aex> 2 + (@, 5 xbig) #Ga, kxy D) +(4, 0 x o)) Hag X b >
*@5 kX bLJ) "'C,a %b, g) 4-6, L%r).,c_(qa[@@,f k)
= Ak, ﬂ») a4 -4 [ e} Mham
+ Ak, M) URS) é&) + 4, b3 (30k) 4,10 K)

+ a3 53 C/)jk |
v Al (=5) Eak O F Aghy(D) fa L))

= Oabjk) T Ty T AL

A0, 0f — ‘ )
D = fgles ~AL)C + EAG TRk ) (an, —0L) K
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Sections 9.3 and 9.4 Dot and cross product

2, h 3R L A(Ah,—5y)
QC__\ st

2] Ifa= (ay, a. a) and b = (by, by, bs). then & [qlt’l—"ib)/{
T (\_/_ —_—
: axX b= (abs— asbp, by — arbs, aibn — azbn)

v

>G5 40 o Y.
0 e RSl g
Qb -6

122l asee
L‘{D. 3

L (A5 —uez)) —o (50 —3(3)) +le (L @) -3))

-9 4

&l

—nl =9 () Fk(=2)
rCHd) Ak = ZL-x4d,-27 = axb
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Sections 9.3 and 9.4 Dot and cross product

Scalar triple product.

=i &z a3

7] a-(bxe)=|b b b
(6] a-(bxc)=(axb)-c a o o
- — __’——’

Triple Cross Product identity

ax(bxc)=(a-ch—(a-b)c é

—_—— T
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Sections 9.3 and 9.4 Dot and cross product

1. State whether each expression is meaningful. If not, explain 6[) byl A~

why. If so, state whether it is a vector or a scalar. \Necigr
@A (1) = T (h) Ko diSo) .
©) &% (L ¢) = V (d) (a <D<V

(e) (a%d] (f) (a\f'b) - (c Va) = S

A)

Calculate axb and show it is orthogonal to both aand b

1.a=(6,0,-2), b=(0,80)

= 4lo YOO Mk

%AX\o: Z(6)0,48> ;
6-©10,"2) a-lox)= b, ©,-2). Zlby0,48D = J60-76=
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J AXb = £ (6 )%, 18/

- N _
0:©)0,-)) a-(axv) =z G, Woﬂw - fepo0-76=0

b=lo,g, 07> beaxe = Log,02 A6, 0,487
— O(ls) +800) +oleg) = O
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