Sec 11.8 Lagrange Multipliers

Let's revisit this problem

47. A cardboard box without a lid is to have a volume of
32.000 cm®. Find the dimensions that minimize the amount
of cardboard used.

A critical component of the problem was the constraint given to us that the volume needed to be 32000 cm3.

If we had not been given a specified volume, the answer to minimizing the amount of cardboard to use would
be to use none at all. That is to say a box with zero volume minimizes the amount of card board used.

To obtain a useful answer we used the constraint of having a volume of 32000 cubic cm.
Mathematically speaking how did this constraint work? Well we had two equations each a function of
three variables

SA =1Ilw+ 2lh + 2wh Vol = lwh
—— - W

Both of these would be 4-d surfaces.. However for our volume equation we took a level surface namely:

32000 = iwh
7—‘&———/—_

We found intersection of this level surface with the 4-d surface defined by the function for surface area
32000 32000
2= (F200) 4 5 (32000 , 5
h w

To obtain a function of two variables which we could minimize. Another way to think of this is that we now have the
set of surface areas of open boxes which have a volume of 32000 cubic cm

We then minimized and found that h=20 w=40 |=40 and that the SA=4800 < w\L
/

Now we know that the gradient of a function of 3 variables is normal to its level surfaces... So let's take
the level surface 4800 = lw + 2lh + 2wh

Pttt
Then VSA =< SA;,SA,,, SA, >=<w + 2h,l + 2h, 21 + 2w > is normal to the level surface and the
tangent plane at h=20, w=40,1=40.

Now recall that we found the tangent plane where the constraint 32000 = Iwh coincided with SA it
itselfis a level surface and so the tangent plane for the level surface coming from SA will be the
same as that for the constraint. That means that the gradient of the constraint must also be normal
to the surface at our point of intrest.

Since Vol = Iwh Then VVol =< Vol;,Vol,,,Vol, > = < wh, lh,lw >. If both vectors are normal to
the surface they are in the same direction this means that they must be scalar multiples of
eachother. We can then say that there must be some 4 Such that:

—¢°
VSA = AVVol \ & —

§(m[MW
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Sec 11.8 Lagrange Multipliers

Method of Lagrange Multipliers To find the maximum and minimum values of
f(x, y, z) subject to the constraint g(x; y, z) = k [assuming that these extreme val-
ues exist and Vg # 0 on the surface g(x, y, z) = &l:

(a) Find all values of x, y, z, and A such that
—3Vi(x, y,z) = AVg(x y, 2)

and g(x, y,z) =k Z—

(b) Evaluate f at all the points (x, y, z) that result from step (a). The largest of
these values is the maximum value of £: the smallest is the minimum value
of f.

If we write the vector equation V= A Vg in terms of components, then the equations in

tep (a) becon V% —
step (a) become Qg’f)}l)§£7 - Zﬁﬁj)ﬁyz){éé7
—> L= Ags f, = Ag, £ = Ag: g(x, y,z) = k

This is a system of four equations in the four unknowns x, y, z, and A, but it is not neces-
sary to find explicit values for A.

For functions of two variables the method of Lagrange multipliers is similar to the
method just described. To find the extreme values of f(x, y) subject to the constraint
g(x, y) = k, we look for values of x, y, and A such that

V£(x, y) = AVg(x, y) and g(x, y) = k
This amounts to solving three equations in three unknowns:

£ = Ag; f, = Ag, g(x, y) = k
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3-17 Use Lagrange multipliers to find the maximum and min-
imum values of the function subject to the given constraint(s).

3 k) =x"+yh xy=1 — guyp=y=|/
- ) —
e oL

Method of Lagrange Multipliers To find the maximum and minimum values of
f(x. y. z) subject to the constraint g(.x. y. z) = k [assuming that these extreme val-
ues exist and Vg # 0 on the surface g(x. y, z) = 4]:
(a) Find all values of x. y, =, and A such that
VAx y,z)=AVg(x y 2)
and glx.y.z)=k

P ——

(b) Evaluate £ at all the points (x, y, z) that result from step (a). The largest of
these values is the maximum value of f; the smallest is the minimum value
of £

J = e N V4

2L ) >\
29 >
Vg =L )57 = <Y, X7

Vf = AT9

CaX 2y 7= AEN, X7

(Ax ,2Y7 = & AN jAX 7
S 2A=AY

— QY= AX

XN =

N 2%

é

\/';J{é \/:fi

=

| A=
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A =4

-
—
-

A=A

Sec 11.8 Page 3




Sec 11.8 Lagrange Multipliers

Method of Lagrange Multipliers To find the maximum and minimum values of

f(x. y. z) subject to the constraint g(x. v, z) = k [assuming that these extreme val
ues exist and Vg # 0 on the surface g(x, y, z) = 4]:

1. fx y,z)=x*+ y* + %

(a) Find all values of x. v, z, and A such that
—IVAx y,2) = AVg(x y. 2)
D = (’%— "F —F and g(x. y.z) =k
S=(5x )Ty, ) |
(b) Evaluate f at all the points (x, y, =) that result from step (a). The largest of
?qhvw values is the maximum value of f; the smallest is the minimum value
= — of £,
—Q&;i CX’L,(_\/QA_%)-—ZK ,
oKX

So= Y

3 3
- < H7<-3) L’\/ )HZ 7

o 3 ) 3
V= AT D Zj\x)l\/)Z—E /= A ) /ll//\///lb/z 4

3 _2x _
S AKX T —> AT AT et 0o )
—> g- 2% Da= 4 2"yt 2t
2 = A A= s T A
3 2y a2y =22
Uz = 22
/Z,'E_ = N - - 2er

(g™ =
L=vyt=2

B2
x=x (=)
[ "y v V‘/ \ “
;t (/3) \/:t(j) &ci(/s)
Z -
0
| L _I/ z :_I/ \ ’L _ D}
ST R RS Rt i
(U A (/g Plos > uke £ e 1/7)”‘ ( “”>L_ Ly L +% =5
()5 (') /) () ) = o™ %) £ ) = RTATT TR
B 1/ [ )/4 I/é( . (A v oL I )
OIS > (e ) T = e =L

Sec 11.8 Paqge 4




Sec 11.8 Lagrange Multipliers

Two Constraints: Suppose we require two constraints for our optimization problem. We can still use
Lagrange multipliers we will just have on for each constraint.

6] — 2 V(. 1. 20) = AVg(xo. . 20) + VA, ¥, z0)

Here f is the function we wish to minimize or maximize and h, g our constraints.

In this case Lagrange’s method is to look for extreme values by solving five equations in
the five unknowns ¥, y. z, A, and u. These equations are obtained by writing Equation 16
in terms of its components and using the constraint equations:

—> L= Agx + phy
L, = Agy + uh,
E=Ag.t it

> glx, y,z) =k

2> h(x, y,z) =rc
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ﬁ b\ [18 T AVg Vi x
17. flxp )=y +xy xy=1 y+:7=1
e — -_—
W= 4\/)z+x)\/7 <y 2w,y 22Nl y)x)o)#/ygo’;\,/zz>
Vg = 4\/]><}O7 47/2“{) V7Z</L\/}}\7\/07+CO/2/’”/)?_4127
vh - —

LT SRy ()= w2 iy

— \/=/k\/ /Lt:l/f SA=/

2N ZAXK2ZUY 5o
X7 %

V=2 V=aea
—= XN = X~ = (i, %) Q/
2 4 (-1, 0%, 1Y)
\/LJ%'L; l NtE = RS, 5 ) \ JL/ J’/ ()/L \/
CILy- 0%, 15,) O/ ( /L 2

(V%P ,-Jh)
tr, ﬂ/},/f&)

Sec 11.8 Page 6



