Sec 9.5 Lines and planes in 3d!

We know how to define a line in 2d, y=mx+b, we also can define it parametrically by:

x=mt+xy , y=myt+y,

Example graph the line in the x-y plane defined by x=3t-1 and y=2t+1

t x=3t-1 y=2t+1 (%,y)

In 3 space we need 3 coordinates, (x,y,z) . We can define a line parametrically in the same way as in 2-d but with 3 equations.

x=at+xy, y=bt+y, , z =zt + z,

Example: Graph the line defined by x=2t-1, y=t+1, z=3t-1

t x=3t-1 y=2t+1| z=3t-1 (x,y,2) s
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Sec 9.5 Lines and planes in 3d!

The equation of a line in R? is given parametrically by the equations.

x=xy + at ¥=wn + bt z=2zp+ ¢t

From the parametric equations for a line we can obtain another representation of a line in 3d space.
Let's solve for t in each of the parametric equations.

The equation of a line in R3 can be written using the following equations, the symmetric equations.

X — X ¥ =k Z — Zp

a b c

New Section 2 Paqge 2



Sec 9.5 Lines and planes in 3d!

There is in fact yet another way to represent the equation of a line in 3d using vectors.

Suppose we start with some vector r and then add a multiple of a vector v to get R=r+tv wheret isa
scalar quantity which we can vary to scale v.

So in general we can define a line with some given initial vector 75 and a direction vector ¥ as

|I| r=um+ v
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Sec 9.5 Lines and planes in 3d!

Since we can represent lines in 3 space by both parametric and vector equations we would expect them to be related. In
fact they are!

Consider the vector equation of a line given by: r=<1,2,3>+t<3,2,1>

First graph this line:

Now we can rewrite the line as r=<1+3t, 2+2t, 3+t> Notice the components define points in (x,y,z) space!

Just in case you don't see it.....

In fact the parametric equations of the line are x=1+3t , y=2+2t, z=3+t. The numbers which multiply t come from the
direction vector v and are referred to as the direction numbers.
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Sec 9.5 Lines and planes in 3d!

HW example: Find the vector, parametric and symmetric equations of the line going through the points...

7. The line through the points (0, 3, 1) and (2, 1, —3)

New Section 2 Page 5



Sec 9.5 Lines and planes in 3d!

Hw Example

13. (a) Find symmetric equations for the line that passes
through the point (1, —5, 6) and is parallel to the vector
{—1,2, -3).
(b} Find the points in which the required line in part (a) inter-
sects the coordinate planes.
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Sec 9.5 Lines and planes in 3d!

Equation of a plane

The equation of a plane can be difficult to describe in terms of a vectors or points inside the plane

However if we use a vector which is orthogonal to the plane it describes it nicely.

In fact we define the equation of a plane using a vector that is orthogonal to its surface. We call this
vector the normal vector.
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Sec 9.5 Lines and planes in 3d!

The equation of a plane can be defined using a
vector which lies in the plane and a vector normal
(orthogonal) to the plane.

[N ]
—
e

We know that when two vectors are orthogonal
that their dot product is zero. Consider the vector
in the plane to the right definedas r — 1y and let
n be a vector normal to the plane. Since they are
orthogonal we can say that:

n-(r—r) =20

".‘
If we rearrange a bit we arrive at the statement.

n*r=mn-ry This is called the vector equation of a plane!

Notice that r, 1y are two vectors that are defined by points which lie in the plane we can use this and
the previous statement to define the equation of a plane in terms of the variables x,y and z.

Let Py = (xg,Y0,Zo) be a known pointin a plane andletn =< a, b, ¢ > be a vector orthogonal to the
plane. Ifapoint P = (x,y,z) is to be in the plane a vector defined from P, to P must be orthogonal to
the normal vector n. Thatis to say:
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Sec 9.5 Lines and planes in 3d!

alx — xo) + By — ) + oz —z) =10

Equation 7 is the scalar equation of the plane through Fy(x;, y. z;) with normal vector
n={a b, c).

HW Example. Find

21. The plane through the point (6, 3, 2) and perpendicular to the
vector {(—2,1,5)

What if we multiply it all out and collect the like terms....

The linear equation of a plane is given by:

ax+ by+cz+d=0

Where a,b,c are the components of a vector normal to the plane.
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Sec 9.5 Lines and planes in 3d!

It takes two points to define a line it takes three points to define a plane....

HW example Find:

25. The plane through the points (0, 1, 1), (1,0, 1), and (1, 1, 0)
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Sec 9.5 Lines and planes in 3d!

We would like to be able to compare planes if possible, for example how do we know if they are parallel or orthogonal?
We can use the normal vectors of two planes to find out...

Two Planes are parallel if their normal vectors

are parallel Two planes are orthogonal if their normal vectors

are orthogonal

Example consider the planes defined by 2x+3y+4z=2 and 4x+6y+8z=10 Are they parallel? How do you
know?

Example Show that the planes defined by 2x-4y+z=1 and 4x+y-4z=10 are orthogonal.
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Sec 9.5 Lines and planes in 3d!

What if the planes are neither orthogonal nor parallel? Well then there is some angle between them and the angle
between the planes will be the same as the angle between their normal vectors.

Find the angle between the planes defined by 2x+3y+4z=1 and -2x+y-2z=9
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SEC 9.5 Llnes and planeS |n 3d! Figure 10 shows the planes in Example 7 and

their line of intersection L

x+y+z=1

\rv\‘_‘,/"" 2

The intersection of two planes....

If two planes are not parallel they must intersect and they will do so along a line... i

How do we find the equation of the line of intersection?
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Sec 9.5 Lines and planes in 3d!

A3-44 (a) Find parametric equations for the line of intersection of
the planes and (b) find the angle between the planes.

B.x+y+z=1 x+2y+2z=1
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Sec 9.5 Lines and planes in 3d!

The Distance from a point to a plane

P,

FIGURE 12

Thus the distance from a point P; = (xy,¥,,2;1) to a plane ax + by + cz+ d = 0 is given by:

- |3X1+by|+£.'2|+d|

E N ey
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